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Abstract 



We introduce the notion of anisotropic long memory for random fields on Z'^ whose partial sums on incommen- 
surate rectangles with sides growing at different rates 0{n) and 0{n^'^^^^),H-i 7^ H2 tend to an operator scaling 
' random field on with two scaling indices Hi,H2. The random fields with such behavior are obtained by aggre- 

gating independent copies of a random-coefficient nearest-neighbor autoregressive random fields on with i.i.d. 
i^H , innovations belonging to the domain of attraction of a— stable law, < a < 2 with a scalar random coefficient A (the 

' spectral radius of the corresponding autoregressive operator) having a regularly varying probability density near the 

'unit root' A = 1. The proofs are based on a study of scaling limits of the corresponding lattice Green functions. 
Keywords: anisotropic long memory; operator scaling random field; contemporaneous aggregation; autoregressive 
random field; lattice Green functions; a— stable mixed moving average 
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o 

C^. 1 Introduction 
rn 

' Following Bierme et al. [5], a scalar random field {V{x), x £ M.'^} is called operator scaling random field (OSRF) if there 
exist a H > and a d x d real matrix E whose all eigenvalues have positive real parts, such that for any A > 



{V{X^x)} ^= {X"V{x)}. (1.1) 

><- 

$-H . (See the end of this section for all unexplained notation.) In the case when E = I is the unit matrix, (|l.ip agrees with 
the definition of i7— self-similar random field (SSRF), the latter referred to as self-similar process when d = 1. OSRFs 
may exhibit strong anisotropicity and play an important role in various physical theories, see [6] and the references 
therein. Several classes of OSRFs were constructed and discussed in [6], [9]. 

It is well-known that the class of self-similar processes is very large, SSRFs and OSFRs being even more numerous. 
According to a popular view, the 'value' of a concrete self-similar process depends on its 'domain of attraction'. In 
the case d = 1, the domain of attraction of a self-similar stationary increment (sssi) process {V{t),t > 0} is usually 
defined as the class of all stationary processes {Y{t),t £ Z+} whose normalized partial sums tend to {V^(t)} in the 
distributional sense, viz., 

[rir] 

B-'J2^{t) ^ Vir), reR+. (1.2) 
t=i 

The classical Lamperti's theorem [26] says that in the case of (|1.2p . the normalizing constants i?„ necessarily grow as 
(modulus a slowly varying factor) and the limit random process in ()1.2p is i?— sssi. The limit process {T^(t)} in 
(|1.2p characterizes large-scale and dependence properties of {Y{t)}, leading to the important concept of distributional 
short/long memory (Cox |10j). There exists a large probabilistic literature devoted to studying the partial sums limits 
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of various classes of strongly and weakly dependent processes and random fields. See, e.g., the monographs [D, |14| . 
[T5] and the references therein. In particular, several works ([H], [H], [30], [H]; [13]) discussed the partial sums limits 
of (stationary) random fields indexed by t G Z'^; 

Y{t) ^ V{xl x=(xi,-.. ,x,)eM^, (1.3) 

where /"^[na;] := {t — {ti, ■ ■ ■ ,td) G Z"^ : 1 < ti < nxi} is a sequence of rectangles whose all sides increase as 0{n). 
Related results for Gaussian or linear (shot-noise) and their subordinated random fields, with a particular emphasis on 
large-time behavior of statistical solutions of partial differential equations, were obtained in [1], [2], [30], [32]. See also 
the recent paper Anh et al. [3] and the numerous references therein. Most of the above mentioned studies deal with 
'nearly isotropic' models of random fields characterized by a single memory parameter H and a limiting SSRF {V^(a;)} 
in 11131). 

The present paper attempts a systematic study of anisotropic distributional long memory, by exhibiting a natural 
class of models whose partial sums tend to OSRFs. Related notion of anisotropic long memory in spectral domain and 
its implications is discussed in Lavancier et al. [29] . The present study is limited to the case d = 2 and random fields 
with the horizontal anisotropicity axis and a diagonal matrix E. Note that for d = 2 and E = diag(l,7), < 7 7^ 1, 
relation (HIT]) writes as {V{Xx,X^y)} ^= {X"V{x,y)}, {x,y) G R^, or 

{\V{x,y)} {V{\''"^x,X^/"-y)}, VA > 0, (1.4) 

where Hi := H,H2 := Hf-f 7^ Hi. The OSRFs (|1.4[) discussed in our paper are obtained by taking the partial sums 
limits 

on incommensurate rectangles Xj^j. „hi/h2j,] := {(i, s) G : 1 < t < nx,l < s < n^^^^^y} with sides growing 
at different rates 0{n) and 0(?i^i/^^). The convergence in (jl.Sp is established for a natural class of aggregated 
random-coefficient autoregressive random fields, see (|1.6p - (|1.9p below, with finite and infinite variance. The idea of 
contemporaneous aggregation originates to Granger [20], who observed that aggregation of random-coefficient AR(1) 
equations with random beta-distributed coefficient can lead to a Gaussian process with long memory and slowly decaying 
covariance function. Since then, aggregation became of the most important methods for modeling and studying long 
memory processes (Beran [4]). For linear and heteroscedastic autoregressive time series models with one-dimensional 
time it was developed in [19], [40], [21], [44], [45], [8], [17], [37], [38], [36]^ some random field models in [27]. [28]. 

[29] . [43] . Aggregation is also important for understanding and modeling of spatial long memory processes by relating 
them to short-memory random-coefficient autoregressive models in a natural way. On the other hand, the proof of 
p.5p for aggregated autoregressive fields is not easy and requires a complete control of the corresponding autoregressive 
model near the 'unit root boimdary'. 

Consider a nearest-neighbor autoregressive random field {X{t,s)} on 7? satisfying the difference equation 

X{t,s) = Y a{u,v)X{t + u,s + v)+e{t,s), (t, s) G (1.6) 
H=\v\=i 

where {e{t, s), {t, s) G Z^} are i.i.d. r.v.'s whose generic distribution e belongs to the domain of (normal) attraction of 
a— stable law, < a < 2, and a{t,s) > 0, \t\ = |s| = 1 are random coefficients, independent of {£(t, s)} and satisfying 
the following condition for the existence of a stationary solution of (|1.6p : 

A := Y a{t,s) < 1, a.s. (1.7) 

\t\ = \s\ = l 

The stationary solution of (|1.6p is given by the convergent series 

X{t,s) = Y 9{t~u,s-v,a)e{u,v), {t,s)eZ^, (1.8) 
(ii,t))ez2 
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where g{t,s,a), {t,s) E l?,a ~ {a{t,s),\t\ — \s\ = 1), is the (random) lattice Green function solving the equation 
g{t, s, a) ~X]|m|=|u|=i ^(^i + s + u, a) = s), where (5(t, s) is the delta function (see sec. 2 for precise statement). 
Let {Xi(i, s)}, i ~ 1,2, - ■ ■ be independent copies of (|1.8I) . The aggregated field {X(t, s)} is defined as the limit in 
distribution: 



N 



fdd 



X(t,s), 



(t, s) e I? 



(1.9) 



Let $ denote the distribution of the random vector a — {a{t,s),\t\ — \s\ = 1) taking values in A := {at^s G 
[0,1), X]|t|=|s|=i < 1} C M** and called below the mixing distribution. Under mild additional conditions, the 
limit in (11.91) exists and is written as 



X{t,s) 



E 



A 



g{t — u,s — v,a)Mu,v{'ia), (t, s) e 



(1.10) 



In (|1.10l) . {Mu.v{da), {u,v) £ 7?} are i.i.d. copies of an a— stable random measure M on A with control measure $, 
see (|3.16p . The random field {X{t, s)} in ()1.10p is a— stable and a particular case of mixed stable moving-average fields 
introduced in [42]. In the case a = 2, or a Gaussian limit in (jl.lOp . the covariance function and the spectral density of 
this random field are given by 



r{t,s)=a^Y. 



(«,D)ez2 



F,g{u, V, a)g{t + u, s + -y, a), (t, s) € 1? 



and 



/(a;,y) = (aV(2^)2)E|g(x,2/,a)|^ 



-7r,7rJ 



(1.11) 



(1.12) 



respectively, where g{x,y,a) = (l — X]|t|=|s|=i '^(^' •*)*^''^*^^^'') ^ Fourier transform of g{t,s,a) and := Ee^. 

It is not surprising that large-scale and long memory properties of the aggregated field {X(t, s)} strongly depend 
on the behavior of $ near the 'unit root' A = 1. We assume in Sections 4, 5 and 6 that the 'angular coefficients' 
^ pit-, s) := a(t, s)/A, X]|t|=|s|=iP(^i ■s) ^ 1 nonrandom and the 'radial coefficient' A G [0, 1) is random and has a 
regularly varying probability density </> at a = 1: 



0(a) 



1, 3(/ii > 0, < ;9 < a - 1, 1 < a < 2. 



(1.13) 



(The case < a < 1 apparently cannot lead to long-range dependence; see [37], [38]). The three models of interest are 
given by the following equations: 



X{t,s) = -{X{t-l,s) + X{t,s~l))+e{t,s), 

Xit,s) = ^{X{t-l,s) + X{t,s + l)+X{t,s-l)) +e{t,s), 

X{t,s) = -{X{t-l,s) + X{t+l,s) + X{t,s + l)+X{t,s-l)) +e{t,s). 



(1.14) 
(1.15) 
(1.16) 



In the sequel, we refer to (|1.14p . p.l5|) and (|1.16p as 2N, 3N and 4N models, N standing for 'Neighbor'. Stationary 
solution of the above equations in all three cases is given by (jl.Sp . the Green function being written as 



g{t,s,a) 



^AV-(i,s), (i,s)GZ^ aeA, 



(1.17) 



where pfc(t,s) = P(W^fc = (t, s)|Wo = (0)0)) is the fc— step probability of the nearest-neighbor random walk {Wk,k 
0, 1, • • • } on the lattice 7? with one-step transition probabilities p{t, s) shown in Figure 1 a) - c). 



■1/3 



]/4 



1/4 



^4 



1/4 



a) 2N 



b) §N 



c) 4N 



Relation p.l2p implies (sec also Remark 13.21 below*) that for all three models (2N, 3N, and 4N), a = 2, and a 
mixing density as in (|1.13l) . the aggregated speetral density f{x,y) in (|1.12p is unbounded for all < /3 < 1, meaning 
that the corresponding Gaussian random field in p.lOp has long memory. ^5] obtained the asymptotics of f{x, y) as 
(x, y) — )■ (0,0) in an arbitrary way and showed that the 2N and 3N models satisfy speetral anisotropic long memory 
property (a spectral analog of the anisotropic distributional long memory property of Definition [221) , in contrast to the 
4N model having isotropic long memory spectrum ([28], [29]). The above mentioned works use the spectral approach 
which is applicable in the case a = 2 only. Asymptotics of spectral density and covariance functions for some long-range 
dependent random fields was also studied in |31] . 

The present paper is based on a direct study of the asymptotics of the lattice Green function in (|1.17p for models 
2N, 3N, and 4N, using classical probabilistic tools (the Moivre-Laplace theorem and the Hoeffding inequality for tails 
of binomial distribution, see [15], [16], [23]). In particular, Lemmas 14.11 15.11 and 16.11 obtain the following point-wise 
convergences: as A — > cx3, 

t > 0,.s e R, z > 0, (1.18) 
t>0, seR, z>0, (1.19) 
(i,s) e R2\{(0,0)}, z > 0, (1.20) 

respectively, together with dominating bounds of the left-hand sides of (|1.18p - (|1.20p . see (|4.8p . (|5.5p . and (|6.5p . below. 
Here and in the rest of the paper, (72, 53 and 54 denote the Green functions of the 2N, 3N and 4N models, respectively, 
and the limit functions /i2, ft.3 and /14 in (|1.18p - (|1.20p are given by 

h2{t,s,z) := ./le-^*-^, h:,{t,s,z) := -l=e-3-*-tl, (1.21) 
V TTt 2V7rt 

hi{t,s,z) ^Xo(2V^(t2 + s2)), 

where Kq is the modified Bessel function of second kind. Note that /i2 and /13 in (|1.2ip are the Green function of one- 
dimensional heat equation (modulus constant coefficients), while /14 is the Green function of the Helmholtz equation 
in . The obvious similarity between kernels ft-2 and suggest that large-scale properties of the 2N and 3N models 
should be similar, modulus a rotation of the plane by angle 7r/4. Kernels /12, ^3 and appear in the stochastic integral 
representation of scaling limits of models ()1.14p - (|1.16p . 

Lemmas |4.H 15.11 and 16.11 plav a crucial role in our study of long memory properties of the aggregated field {X(f, s)} 
p.lOp and present the main technical difficulty of this paper. These lemmas may have independent interest for studying 
the behavior of the autoregressive fields (|1.14p . (|1.15p and p.l6p with deterministic coefficient A in the vicinity of A = 1. 
Particularly, we expect that these lemmas can be used for testing of stationarity and coefficient estimation near the 
unit root A = \ \n spatial autoregressive models (|1.14p . (|1.15p and (|1.16p . c.f. [5], [7], [31], [55] . 

Let us summarize the remaining contents of the paper. Sec. 2 introduces the notions of anisotropic/isotropic distribu- 
tional long memory, in terms of scaling behavior of partial sums limits (|1.5p / (|1.3p . An important feature of Definitions 
12.21 and 12.31 is the requirement of dependence of increments of the limit random field in arbitrary direction. This re- 
quirement is analogous to the dependence of increments requirement in the definition of distributional long memory for 
processes indexed by t g Z in |10j . and helps to separate between isotropic and anisotropic scaling behaviors. See also 
Proposition 15.11 

Sec. 3 discusses the existence of stationary solution in L^" (0 < p < 2) of the nearest-neighbor random-coefficient 
equation (|1.6p . and the aggregated limit in (|1.9p as a mixed a— stable moving average field of p.lOp . Sec. 4, 5 and 6 
are devoted to the study of scaling limits of the aggregated 2N, 3N and 4N models, respectively. The convergence in 
(|1.5p with Bn = n^^,Hi := ^,iJ2 := 2i7i and the anisotropic long memory property are established in Theorem 
l5.1l for the aggregated 3N model {X(t, s) = X^lt, s)} of (jl.lOp . The limit random field {V3{x, y)} is an a— stable OSRF 
and satisfies (|l.ip . It is represented in (|5.2p as a stochastic integral with respect to an a— stable random measure with 
integrand involving the kernel /13 in (jl.2ip . For the same random field {X3(t, s)}, Theorem l5.2l obtains a 'commensurate' 



vAg2( ' ^ ^ i,l--)l([A<] = [VAs]) ^ h2{t,s,z), 

VXg3{[Xt],[VXs],l- j) ^ h3{t,s,z), 

z 

g4{[Xt],[Xs],l - —) h4{t,s,z), 
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scaling limit of p. 31) towards a different random field {V3^(a;,?/)} in (|5.16p . which is self-similar with := ^^"^^ and 
has independent increments in the vertical direction (see Definition [^H]). Similar results as for the 3N model are obtained 
for the aggregated 2N model {X2{t,s)} (Theorems 14.11 14.21 and Proposition 14.21) . In the finite variance case a — 2, 
Proposition 15.21 obtains the asymptotic decay of the covariance r3{t,s) = E[X3(0, 0)X3(i, s)] as f — >■ oo and s ~ 0{\/t) 
increase 'parabolically', complementing the result in |29j on anisotropic asymptotics of the spectral density. 

Sec. 6 discusses the lattice isotropic aggregated 4N model {X4(t, s)}. We show that this field satisfies the isotropic 
distributional long memory property of Definition [231 and its scaling limit {V4{x, y)} is an a— stable SSRF with exponent 
H = , see Theorem 16.11 and Proposition 16.11 The isotropic covariance long memory property for {X4(t, s)} and 

a = 2 is proved in Proposition l6.2l In the Gaussian case a = 2, Theorem 16 . 1 1 and Proposition l6. 21 agree with Sec. 7 
(Appendix) contains the proofs of the technical Lemmas 14. 1[ 15.11 and 16.11 

Notation. In what follows, C,C(K), ■ ■ ■ denote generic constants, possibly depending on the variables in brackets, 
which may be different at different locations. We write , = , , for the weak convergence and equality 

of distributions and finite-dimensional distributions, respectively, fdd-lim stands for the limit in the sense of weak 
convergence of finite-dimensional distributions. For A > and a dx d matrix E, := c^^°s^^ where = X^fcLo ^'^/^i 
is the matrix exponential. Z'J^ := {{ti, - ■ ■ ,td) e Z'^ : ti > 0,i = 1, • • • , d}, W^, := {(cci, • • • , Xd) S M'' : > 0, i — 
1, • • • ,d}, Z+ := Z^, K+ := R^. E = diag(7i, • • • , 7^) denotes the diagonal dx d matrix with entries 71, • • • , 7^ on the 

mod 2 mod 2 

diagonal. For integers t, s, t ~ s and t ^ s means that t + s is even and odd, respectively. All equalities and 
inequalities between random variables are assumed to hold almost serely. 

2 Isotropic and anisotropic long memory of random fields in 1? 

Let € = {(x, y) G : ax + by = c} be a line in M^. A line £' — {{x, y) S : a'x + b'y = c'} is said perpendicular to £ 
(denoted £'J-£) if aa' + bb' = 0. Write {u,v) -< {x,y) (respectively, {u,v) ^ {x,y)), {u,v), {x,y) S M^, if u < a; and v < y 
(respectively, u < x and v < y) hold. A rectangle is a set K(^u.v);(x.y) '■— {(^lO ^ ^+ ■ (""i ^) ^ (^i^) ^ ix,y)}; K^^y := 
K{o,Q);{x,y)- We say that two rectangles K ~ K{u,v):{x,y) and K' = K^^i yy^,^/ yi^ are separated by line I if they lie on 
different sides of ^, in which case K and K' are necessarily disjoint: K D K' ^ (d (see Fig. 2 below). 

Let {V{x,y)} = {V{x,y), {x,y) € R+} be a random field and K = ^4r(ti,u);(a;.y) C be a rectangle. By increment of 
{V{x^y)} on rectangle K we mean the difference 

V{K) := V{x, y) - V{u, y) - V{x, v) + V{u, v). 

Definition 2.1 Let {V{x, y), {x, y) £ R\} be a random field with V{x, 0) = V{0, y) = 0, x, y>0, andtciM?, (0, {)) & £ 
be a given line passing through the origin. We say that {V{x,y)} has independent increments in direction £ if for any 
orthogonal line £' Jl£ and any two rectangles K,K' C R\ separated by £' , increments V{K) and V{K') are independent. 
Else, we say that {V{x,y)} has dependent increments in direction £. 



K' 




Figure 2 
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Definition 2.2 We say that a stationary random field {Y(t, s), (t, s) G Z^} has anisotropic distributional long memory 
with parameters Hi,H2 > 0, Hi 7^ H2 if 



^ Y{t,s) ^ (x-,y)eM^, (2.1) 



where {V{x,y)} is a random field having dependent increments in arbitrary direction. 

Definition 2.3 We say that a stationary random field {Yit^ s), (t, s) G Z^} has isotropic distributional long memory 
with parameter H > if 

n-" ^ ^(^'2^)' (2.2) 

where {V{x,y)} is a random field having dependent increments in arbitrary direction. 

Proposition 2.1 (i) Let {Y{t,s)} have anisotropic distributional long memory with parameters Hi 7^ H2. Then the 
limit random field {V{x,y)} in \2. 1]) satisfies the self- similarity property \1.4^ . In particular, {V{x,y)} is OSRF 
corresponding to H := Hi,E := diag{l, H1/H2). 

(a) Let {Y(t,s)} have isotropic distributional long memory with parameter H. Then the limit random field {V{x,y)} 
in h2. 2\) satisfies the self- similarity property |j.^[) with Hi = H2 '■= H, i.e., {X^(x,y)} is SSRF with parameter H. 



Proof. Fix A > and let m := [n\^/^^]. We have 

V(X^/"'x,\^/"'y) = fdd-lim4r V ^(^,s) 

0<t<£cAl/Hl„,0<S<yAl/H2„Hi/H2 

= fdd-lim^ V y(t,s) 

0<s<ym"i/"2 

= XV{x,y). 

Proposition 12. II is proved. □ 



3 The existence of the Umit aggregated autoregressive random field 

We first discuss the solvability of the nearest-neighbor random-coefficient autoregressive equation (jl.6p and the conver- 
gence of the series (|1.8p . The Green function of (|1.6p is written as 

00 

9{t,s,a) = ^a*'-(^,s), (3.1) 

fe=0 

where a*'^{t, s) is the fc— fold convolution of the function a{t, s), (i, s) e Z^, a(t, s) :— {\t\ -t- \s\ ^ 1) defined recursively 
by 

a*^it,s) = S{t,s):=l^' (t,s) = (0,0),^ a*fc(t,s)= y a*^''-'\u,v)ait ^ u, s - v), k > I. 

[0, (t,s)^(0,0) („,ti^^. 

Note that p.ip can be rewritten as (|1.17p . where Pk{t, s) = P{Wk ~ {t, s)\Wn = (0, 0)) is the fc— step probability of the 
nearest-neighbor random walk {Wk, fc = 0, 1, • • • } on with one-step transition probabilities 

p{t,s) =p{t,s, a) = P{Wi^{t,s)\Wo = (0,0)) := {t,s)€l?, p{t,s):^Q {\t\ + \s\^l). (3.2) 
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Generally, the Pk{t, s)'s depend also on a — {at^si \A — \s\ — l)^A but this dependence is suppressed for brevity. Write 
e for generic e(t, s), (t, s) . Let 

gi :=p(0,l)+p(0,-l) = l-p(l,0)-p(-l,0)=:l-g2, g min(gi, qs). (3.3) 

Note Qi G [0, 1] and gi = (respectively, (72 = 0) means that the random walk {M^J is concentrated on the horizontal 
(respectively, vertical) axis of the lattice Z^. 



Proposition 3.1 (i) Assume there exists <p < 2 such that 

E|£|P < 00 and Ee = for 1 < _p < 2, 



(3.4) 



and condition Ji. 7[ ). Then there exists a stationary solution of random- coefficient equation U.6]} given by il.8\) . where 
the series converges conditionally a.s. and in for every a € A. 



(a) In addition to |g.^[), assume that q> Q a.s. and 



E[ (i-aV^p ] < <p< 1. 



(3.5) 



r/ien the series in \1.8\) converges unconditionally in . 



Proof, (i) Let us prove the convergence of (|1.8p . We shall use the following inequality. Let < p < 2, and let ^1, ^2, ■ ■ ■ 
be random variables with E|^jp < 00. For 1 < p < 2, assume in addition that the ^i's are independent and have zero 
mean E^j = 0. Then 

e|E^T ^ 2^E|e.r. (3.6) 



Accordingly, 



By dnzi). 



E 



\X{t,s)\^\a 



From above we obtain 



E 



^ ^ ^(|t|+l«l) 
< git,s,a) < ^^Pkit^s) < 

fc=|t|+|s| 



|X(i,s)|f|aj < C Y ^''^'"'^'"'^ < C^y4P''(4fc+ 1) < cx), 

(«,u)eZ2 A;=0 



(3.7) 



(3.8) 



(3.9) 



proving the conditional convergence in of the series in 

Let prove part (ii). According to the bound in (|3.7p . it suffices to prove that 



E J2 < o«- 

(t,s)6Z2 



(3.10) 



Let a{x,y) := 

g{t,s,a 



i{tx-\-sy) 



a{t,s), {x,y) e n2, n := [-7r,7r]. Then a{t,s) = {2Tr)-^ J^^ e''-*''+''y^a{x,y)dxdy and 



e 



i{tx-^sy) 



dxdy 



e 



i{tx-\-sy) 



dxdy 



where p(a;, y) := a{x,y)/A = E|t|+|s|=i' 
identity. 



'i{tx+sy) 



l~d{x,y) (27r)2 1-Ap{x,y)' 
p{t,s) satisfies \p{x,y)\ < J2\t\+\s\=iP('^^ ^) = 1- From Parseval's 
dxdy 



C 



n2 \l~Ap{x,yW 



(3.11) 
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We shall need the inequality 

\l-Ap{x,y)\ > il/2A)q[{l-A)+x'+y^], {x,y)eU^, (3.12) 
which is proved below. We have 

1-Apix,y) = il-A)+A J2 P(i,5)(l-e'(*"+^^)) 

\t\ + \s\ = l 

= (1 - A) + A[q2{l - cos{x)) + qi{l - cos{y))] - iA ^ p{t, s) sm{tx + sy) 

\t\ = \s\ = l 

and therefore 

\1-Apix,y)\ > {l-A)+Aq[{l-cos{x)) + {l-cos{y))], 

proving (|3.12p (we used the inequalities 1 — cos(a;) > and x^ < 10, |a;| < tt). From p. lip and (|3.12p we obtain 

rdr C 



^ \9it,s,a)\^ < ^ f < ^ f 

1 JnU 1- A) + x^ + y^) 9 Jo 



(t,s)ez2 



((l-A) + a;2 + y2)2 q^ (^(^i _ A) + r^) 9^(1"^) 



(3.13) 



On the other hand, (|1.17p immediately gives J2{t.s)er^ \9{t,s,a)\ = Efclo E(^s)6Z2 = EfcLo = 
Therefore for any 1 < p < 2, by Holder's inequality, 

^ |ff(i,s,a)|f < ^ |5(i,s,a)p(f-i)|.g(t,s,a)p-fl(|g(<,s,a)|>l)+ ^ |g(<, s, a)|l(|g(i, s, a)| < 1) 

(t,s)6Z2 (t,s)eZ2 (t,s)GZ2 

< ( ^ |g(i,s,a)p)''"'( ^ |.g(i,s,a)|l(|.g(i,s,a)| > 1))''% ^ |g(i,s,a)| 

(t,s)GZ2 (t,s)eZ2 (t,s)GZ2 



c c c 

< -r-. TV- ^ + < 



g2(p-i)(l-^) ' 1-A - g2(p-i)(i_^)' 

proving p.lOp and the unconditional convergence of p.8p under the first condition in p.Sp . 
Next, consider the case < p < 1. Using (|1.17p and Holder's inequality, we obtain 

oo 

(t,s)ez2 fc=o |t|+|s|</c 

fc=0 |i| + |s|<fc |t| + |s|<fc 

OO ^ Y X Y 

< r7 V /i*=PA-2(i-j') < < 

- ^ - (1-AP)3-2P - (1-A)3-2P- 

This completes the proof of part (ii) and the proposition. □ 

Definition 3.1 Write e € D{a), <a<2, if 

(i) a = 2 and Ee = 0, := Ee2 < oo, or 

(ii) < a < 2 and f/iere exist some constants Ci, C2 > 0, ci + C2 > 0, suc/i t/iat 

lim x"P(e > a;) = ci and lim |x|"P(e < x) = C2; 
moreover, Ee = whenever 1 < a < 2, while, for a — 1, we assume that the distribution of s is symmetric. 
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Remark 3.1 Condition e € D{q) implies that the r.v. e belongs to the domain of normal attraction of an a— stable 
law; in other words, 



AT 



(3.14) 



where Z is an a— stable r.v., see ([12], pp. 574-581). The symmetry of e in the case a = 1 is not necessary for p. 141) 
and the subsequent discussion; however, it is imposed to avoid some technical and notational complications. The 
characteristic function of the r.v. Z in p.l4|) is given by 



Ee" 



ez 



where 



((ci + C2) cos (^) - i(ci - C2)sign(0) sin (2^)) , a ^ 1, 2, 
(ci+C2)f, a = 1, 



2 ' 



a = 2. 



Introduce independently scattered a— stable random measure M on 1? x A with characteristic functional 
Eexpji St,sMtAAs)} = cxp{- ^ |0t,«ru;(0t,,)$(A,«)}, 

(t,s)eZ2 (t,s)GZ2 

where 6't_s G K and ^ C A arc arbitrary Borel sets. 



(3.15) 



(3.16) 



Proposition 3.2 Lef e G ^^(q;), < a < 2. Assume that the mixing distribution satisfies condition iS. 5\) of Proposition 
\3.1\ (a) with some < p <2 and such that 



In the case a = 1 we assume that 



E- 



p > a, if 1 < a < 2, 

p < a, if < a < 1, 

p = 2, if a = 2. 

< oo for some p > 1. 



(1 - A)P 

Then the limit aggregated random field in lil.9\) exists and has the stochastic integral representation of il.lO\) . 



(3.17) 



(3.18) 



Proof. Let T C Z'^ be a finite set, 9t.s S K, (t, s) e T. It suffices to prove that Sn — > S, where S :~ J2(t s)eT ^t,s^{t, s) 
is a a— stable r.v. with characteristic function 



Ee™-^ = exp < - \w\' 



{ ~ 1^1" 5Z ^ |G(u, w, a) |"w(wG(m, w, a)) |, G(u,v,a) := 6t^sg(t — u, s — v, a) 



(t,s)GT 



and Sn = N ^1°- X]i=i a sum of i.i.d. r.v.'s with common distribution 

[/ ;= ^ et,sX{t,s) = J2 Giu,v,a)eiu,v). 

{t,s)eT (u,v)£l? 



It sufhces to prove that r.v. U belongs to the domain of attraction of r.v. 5 (in the sense of p.l4p ); in other words, 
that 

EL/2 = E52 < oo for a 2, (3.19) 



and, for < a < 2, 

lim x"P(t/ > x) 

X—^OO 

lim |x|"P(t/ < x) 



E |G(u,v,a) |"{cil(G(w,u,a) > 0) + C2l(G(u,v,a) < 0)} 
E |G(u,w,a) |"{cil(G(w,w,a) < 0) + C2l(G(u,z;,a) > 0)} 



(3.20) 
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Here, (|3.19l) follows from definitions of U and S. To prove (|3.20p . we use ([15], Theorem 3.1). Accordingly, it suffices 
to check that there exists e > such that 

E\G{u, V, a)\"^'' < oo and ^ E|G(u, w, a) |"~^ < oo, for < a < 2, a 7^ 1, (3.21) 

(u,u)ez2 ssz^ 

|G(M,w,a)|" '^^ < 00, for a — 1. 

(u,d)6Z2 

Since T C is a finite set, it suffices to show p.2ip with G{u,v,a) replaced by g{u,v,a). Let 1 < a < 2 and 
p = a + e > a in (jXTT)) . Then E(„ i,)6Z2 E|5(m, f , a)|"^' < CE[g-2("+'^-i) (1 - A)'^] < 00 follows from ((XTi)) and 
(PT7|) . Similarly, if 1 < a < 2 and 1 < p = a - e e (1, a), then X;(„,„)ez2 E|g(w, i;, a)|""' < CE[g-2("-«-i)(l - ^)-i] < 

proving (|3.2ip for 1 < a < 2. In the case < a < 1, relations p.2ip immediately 
follow from ((3ll)l and ((3T7)) with p = a ± e e (0, 1). Finally, for a = 1, ((3:2T|) follows from ((3ll| and ((3A8)) . □ 

Remark 3.2 For the 2N, 3N, and 4N models in pH]) . pTSj) . and we have g = 1/2, g = 1/3, and q = 1/2, 

respectively. Hence, for 1 < a < 2, condition p.l7p of Proposition 13 . 21 for the existence of the aggregated random field 
{X{t, s)} in p.lOp reduces to 

E{l-A)-^ = I (1 -a)-i$(da) < 00. (3.22) 

J[Q.l) 

For regularly varying mixing density as in (|1.13p . condition (|3.22p is equivalent to /3 > 0. In the Gaussian case 
a = 2 the spectral density / of (|1.9p is given in (|1.12p . For the 2N, 3N, and 4N models we have that f{x,y) = 
/[o,i) |i-ap(a;,y)P ^('^°^) ^^"^ hencc /(x, y) is bounded at the origin if and only if 

/(O, 0) = (cr/27r)2E(l - ^)-2 < 00. (3.23) 
In particular, for $ as in (|1.13p and any < /3 < 1, the spectral density / of the aggregated random field is unbounded. 

4 Aggregation of the 2N model 

According to Proposition 13.21 the aggregated random field of the 2N model in p.l4p is written as 

X2(t,s) = 51 / 52(t-u,s- w,a)M„,„(da), {t,s)^I?, (4.1) 

where {Mu„(da), (u, v) G Z^} are i.i.d. copies of a— stable random measure M on (0, 1) with control measure <f>(da) — 
V{A e da) and the characteristic function Ee'^^^(^) = e-l«l°"(«)*(^), B C (0, 1), see (|XT5)) . (jXTC)) . For 1 < a < 2, gH]) 
is well-defined, provided the mixing distribution satisfies p.22p : see Remark 13.21 

Next we discuss the asymptotics of the 2N Green function 52- It is convenient to change the coordinates as follows: 

u^t + s, v^t-s, {t,s)el?. (4.2) 

Points (m, v) e with the property that the sum u + v = 2t is. even form the sublattice: 

I? := {{u, v) el? -.u + v IS even} = {(m, u) G Z^ : u ^ v}. (4.3) 

Given a function / = fit, s) on I?, let /(u, v) :— f((u + u)/2, {u — v)/2), (u, v) g Z^ denote the corresponding function 
on Z^. The aggregated random field of (|4.ip and the Green function 52 in the new coordinate system are written as 

X2{t,s) = 51 / 92{t-u,s~v,a)M.,^Ma), {t,s)eZ^, (4.4) 
(«,u)ez2 

where {M„^„, (m, u) e Z^} are i.i.d. copies of M and 

g2{u,v,a) = a"p{u,v), {u,v)el?, u>0, 1^1 < (4.5) 
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where 

1 u\ ~2 

P{u,v) := 2" ("+")!("^ ^' (it,w) e Z , u > 0, |u| < u, (4.6) 

:= 0, otherwise 

is the binomial probabihty. In other words, the Green function of (|1.14p is 

52(i,s,a) = a*+"p(i + s,t-s), (t, s) € t + s>0, \t-s\<t + s, (4.7) 

= 0, otherwise. 

Lemma 4.1 For any (i, s,z) e M'^, i > 0, z > 0, the point-wise convergence in U.18]) holds. This convergence is 
uniform on any relatively compact set {e<t<l/e, e<|s|<l/e, e<z< 1/e} C M_|- x M x M_|_, e > 0. 
Moreover, there exist constants C, c > such that for all sufficiently large A and any (t, s, z), t > 0, s £ M, < z < 
A, [Xt] [y/Xs] the following inequality holds: 

/ [Af] + [va.] ^ [At]-[VA.] ^^^zx ^ c(^^(,^,^,) + VAe---(^*)^'^-(^H)^'^), (4.8) 

w/iere h2{t,s,z) t-i/^e^^*-""/*^*. 

The proof of Lemma 14.11 is given in Section 7 (Appendix) . 

Theorem 4.1 Let e G D(a), 1 < a < 2. ^sswme i/iai i/ie mixing density (j) is bounded on (0,1) and satisfies il.l3\) . 
where 

</?<«-!. (4.9) 
Let X2 be the aggregated random field in ( [^.^[ ). Then 

n-" ^2(t,s) ^ L2ix,y), x,y > 0, (4.10) 

1 < t < [nx], 1 < s < [7"?/] 
(i, s) G Z2 

where H := 

a ' 

L2(a;,y) (1/2) [ { [ [ h2{t - u, s - v, z)dtds]M{du,dv,dz) (4.11) 

jR2xB+ ^ Jo Jq -* 

and where Ai is a— stable random measure on x]R+ wii/i control measure d/i(u, w, z) = 01 z^dudwdz and characteristic 
function Ee"'^^^) = e"l^l°"(^)''(^', w/iere S C x M+ is a measurable set with fi{B) < 00. 

Proof. Write Sn{x,y) for the l.h.s. of (|4.10p . We prove the convergence of one-dimensional distributions in (|4.10p at 
X = y ^ 1 only, since the general case of (|4.10p is completely analogous. We have 

Ee'»i2(i,i) = exp|-|6l|"/ (G(u, w, z))"w(6IG(u, w, z))d^(u, z)|, 

Eei^'S-d.i) = exp{-|0rn-«" ^ E[g^^{u,v, A)u;{egn{u,v, A))]}, 6 eR, 

where 

G(m, z;, z) := (1/2) / / h2{t — u, s — v, z)dtds, Qn{u,v,a) := g2(^ — s — 'w, a)- (4-12) 

° ° l<t<n, l<s<[yS] 

Since uj{9) in p.lSp depends on the sign of 9 only and G > 0, tj„ > 0, in the rest of the proof we can assume Ld{-) = 1 
without loss of generality, c.f. ([35], proof of Theorem 3.1). Hence, it suffices to show 

J„ := n-"^ ^{Gniu,v,A)r ^ / (G(?/, z))"dAi =: J. (4.13) 
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Let us first check that J < oo. More exphcitly 

J = c( ([ [ ^^=c-(^-")'/2(t-«)g-^(t-«)l(^<^)dMs)"z'^dudwdz = C(Ji + J2), 

jR2xR+ ^Jo Jo \/{t~u) ' 

where, by Minkowski's inequahty, 

Jo Jm Jo ^JoJo\/it + u) ' 



< < dtds( 

10 Jo ^Jo 



( du dv z^dz- i_^e-"(^-"''/2(*+")e-"^(*+"'') \ 



C{ tdt( Hdu Hz^dz ^e-(*+"))''"V 

Wo Wo Jo it + u)^ I J 



/ du \i/ 

C\ I dt^ ' ^ ^ 



a •) a 



^Jo {t + u)' 
since ^ — ^ < 1 holds because of (14.91) and a < 3. Next, 



J2 := ( dy [ dv ( z^dzl f ds T ^ e-("-")'/2:rc-^Mxr 
Jo Jm ^ Wo Jo > 



Here, 



dy / dw / z'^dz{ •••}"+ / dy / dv \ z^dz{ •••}"=: J21 + J22. 

-^Ifl^iZ Jo Jo J\v\>2 Jo 

J21 < C ^''*^''{/ e-^^dx}" = z''-"(l -c-^)"dz < C50 

since a > 1 + Finally, since (s - i;)^ > v^/4, for |s| < 1, \v\ > 2, so e-("-")'/2^ds < c""'/*^^ < Cix/v^) {\v\ > 
2, < a; < 1) and 



J22 < C 



[ Ivl-^^'dv [ z^dz\ f xi/^e-^^dx}" 

J\v\>2 Jo Wo J 



lo ^Jo ' ^ ^ JO X 

since -i + < 1. This proves J < 00, or G G 

Let us prove the convergence in (|4.13p . For notational simplicity we can assume (f){a ) = (1 - af, c.f. IM|. Then 

J„ = / (G„(w, u, 2;))"d/i(u,w,z), 

where 

Gn{u,v,z) := / ^^92 ( [jT-i] — [j^u] , [ a/^s] ~ [a/"-'^] 7 1 )l{0 < z < n)l{Bn(t,s,u,v))dtds 

and l(B„(t,s,w,w)) := - [mt] '°= ^ [^^s] - [V^u]). Let We := {iu,v,z) e x R+ : \v\ < l/e,e < z < 1/e}. 

We claim that 

lim sup \Gniu,v,z)-G{u,v,z)\ = 0, Ve > 0. (4.14) 
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To show (|4.14p . for given ei > split Gn{u, v, z) — G{u, v, z) = -rnj(u, z), where, for < z < n, 

r„i(u,w,z) := / ^\fng-i(\nt\ — \nvi\,\\fns\ — \\fnv\,\ ) - ft,2(i - u, s — w, 2:)}l(-B„(i, s, u, ?;))dMs, 

i(0,112nD(eil " 



rn2(u,w,z) := / (/i2(t — u, s — w, 2:)l(i3„(t, s, M, u))dMs — (1/2) / ft,2(t — u, s — w, z)dtds, 

"'(o,i]2nn(ei) J(04]^nn(ei) 

r„3(u,w,z) := / V"52(M - [V^s] - [Vnw], 1 - -)l(B„(t,s,M,w))dMs, 

J(o,i]2nn(ei)= 

1 



r„4(u,w,z) := / /i2(^ — u, s — w, z)dtds, 

2 J(0,l]2nI5(ei)^ 

and where the sets D{e),D{eY (depending on u,v) are defined by 

Die) {{t, s) e (0, 1]2 : < - u > e, |s - «| > e}, i?(e)^ (0, l]^ \ Die). 

To show (|4.14[) . it suffices to verify that for any e > 0, S > there exists ci > 0, rii > 1 such that 

hm sup r„i(u,i;,z) = 0, i = l,2, (4-15) 
{u.v,z)ew, 

sup |r„,;(u, w, z)| < (S, 1 = 3,4, Vn > Til. (4-16) 

(u,t;,z)eWe 

Relation (j4.15p for i ~ 1 follows from Lemma 14.11 or (j7.ip , and for i = 2 it follows from uniform continuity of /12 on 
compact subsets of M§ x R_|_ . 

Next, |r„4(u,w,z)| < C /q' t-^/^dt + C J^^ t-i/2di]j^|^^^ ds = 0(y?r), implying (l4T6| for i = 4 with ei = CS"^. 
Finally, using we obtain \Tn3{u,v,z)\ < Cy?! + C^/E e-^("*)''''di < Cyel + C/V^ < S provided ^ < 

5/(2C), n > ni = (2C/<5)2 hold. This proves (|4T6l) for i = 3 and hence gH]), too. 

Let 

G'„iu,v,z) := V^l(0<z<n) / e-"(*-")-^("(*-"»'^'-^(^l"-"l''^'l(t > w)dtds, (4.17) 



where c > is the same as in (14.81) and (17.21). Let us show that 



4 := / (G:,(«,z;,z))«dM = 0(1). (4.18) 

Split J4 = -^ni' where 

/ni := / {G'J^dfx, /„2 / iG'J'^dfx, /„3 / (G;)"dM, 

"'(-oo,0]xR+xE+ J(0,l]x[-2,2]xR+ J(0,l]x [-2,2] = xR+ 

[-2,2]'= = M\[-2,2]. Using the fact that ^ c-'="''"l"-"l'^'du = C/y/E and Minkowski's inequality, 

Ini < Gn^^'^i f dtds( f c-"^(*+")-^"("(*+"»'''--"(V^I^-"l)''%^d7.d«dz)'^"r 

where ii±i - /3 > and / := { /g" dt( /g" e-^"(*+")'^'(t + u)-i-'3dM)'/"}" < 00. Next, 

In2 < Gn^l^ r z^dzi [ e-^*-^("*)'''"=(v/^l^l)'''dMsr 
< C{ ^'c-^("*)'''dt(^"e-"^*z^dz)'^"}" 

00 



< C{ e-("*)''^i-^dt}" < Cn-("-i-« = o(l). 
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Finally, using e-^^v^l^-^D'^' < e~(=/2)(v^l^l)'^' for > 2, |s| < 1 it easily follows /„3 = 0(6-^'"'^') = o(l) (3 c' > 0), 
thus completing the proof of (|4.18p . 
With (|4.14p and (|4.18l) in mind, write 

\jn-j\ < I iG^-G"|d/.+ / \Gnrdfi+ f icrdM 

< [ |G^-G"|dAi + C / \G'Xd^i + C I |GrdAt+ / IGpd/i, (4.19) 

where G(-u, w, z) := /p^ h2{t — u, s — v, z)dids, := x R+ \ W,;. Sinee G,G e L"{ii), the third and fourth terms 
on the r.h.s. of (|4.19p can be made arbitrary small by choosing e > small enough. Next, for a given e > 0, the first 
term on the r.h.s. of (|4.19p vanishes in view of ()4.14p . and the second term tends to zero, see (|4.18p . This proves (|4.13p . 
thus concluding the proof Theorem 14.11 



Theorem 4.2 Assume conditions and notation of Theorem \4-l\ Then 

n-"* ^2(i,s) ^ ^2.(a;,y), a;,y>0, (4.20) 

l<t< [nx] , 1 < s < [ny] 

(t, s) e Z2 

where Hi, := ^^'^^^ , 

L2*{x,y) := (1/2)/" Midu,dv,dz)l{0 < v< y) f h24t^u,z)dt, (4.21) 

jR2xR+ Jo 

h2i,{t,z) := [ h2{t,s,z)ds = 2c-'n(t>0) 
and where Ai is the same stable random measure as in Theorem \4-.l\ 

Proof. Similarly as in the case of Theorem l4.11 we prove one-dimensional convergence in (j4.20p ai x ~ y ~ 1 only, and 
assume $(da) = (1 — a)^da. Correspondingly, it suffices to show the limit lim J„* ~ J*, where 

(G,i*(u,t;, z))"d^(u,i;,z), J^, := / (G+(u, w, z))"d^(u, w, z). 



where 



G,(m,v,z) := (1/2)1(0 < w < 1) / h2i,{t-u,z)dt, 

Jo 



Gn*{u, V, z) 



/ dt'S^ g2{[nt\ - [nu],s - [nw], 1 )l{BnM, s,u,v))l{0 < z < n) 

Jo 'H n' 



and l(_B„^(t, s. It, w)) ;= l([nt] — [nu] "'^^ ,5 _ [nv\). 

Define J^^ := ^^,^^^{Gn*{u,v,z))"'l{\v\ < 3)d^, 4'^ := /g^^jj^ (G„„(u, w, z))"l(|w| > 3)di^L, J'„^ + J[[^ = J„*. Then 
lim Jni, = J-k follows from lim J^^ = J* and lim J,''^ = 0. 
Note that for any u <t 

'1, ^'€(0,1), 



0, u > 1 or u < 0. 



^p([nt] - [nii],s - \nv\) 

Hence and from the proof of Lemma 14.11 it easily follows that 

lim G„*(u,w,z) = G*(w,u,z), Vm G M, w G K\{0, 1}, z > 0. (4.22) 

n— ^00 

Also note 

/■I /■! 

G„4m,w,z) < / (1- -)'"*'"'""' dtl(M <t,0 < z <7i) < G / /i2^(t-it,z)dt, V(u,'y,z) G X R+. (4.23) 
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Relations (|4.22p - (j4.23p and the dominated convergence theorem entail the convergence lim J^,^ — J^. 
It remains to evaluate the remainder term J" , which can be rewritten as 



1 " 

^--3^ E E(^^*->(t-u,.-«))' 



rv- 

t,s=l 



{u,v)<^T?:\v\>Zn 



Observe \v\ > 3n, u < t,\s — v\ < t — u, 1 < s,t < n imply u < —n. Split J"^ = n "^*(r„i + T„2), where 
Tni ■■= Eu<-n,v>3n ' ' ' , T„2 := E„<-„,.<-3„ ' ' ' • Inequality </>(a) < C(l - a)^ a € (0, 1) implies EA' < C z^(l - 
zYdz < C z^e~^*Az = Ct~^^^ , t > 1. Using the above fact and Minkowski's inequality, we obtain 



Tni < E ( E EK(*+")]p"(< + ^^,^; + 5))'^"} 

t.S—l U>7l,V>7l 

u>n.,v>n 

For sufficiently large K > 0, split In = Ini + /n2, where 
From the Moivre-Laplace approximation in (j7.6p . 

-av'^ /2u 



Inl < ^l+/3+f E ' 

li > 71 v>n 

^ cE 1+1^ ^"""^^'" = ^( E ••• + E •••) =^ ^^a'a+o 



ii>n n<u<n? u>n^ 



Here, /^'i < C'X]u>n2 u ^ ^ ^ < C /n^^^°' ^. A similar bound for /^^^ follows by integral approximation: 

-'nl — „9fl4-rv-1 / 1 I n I ^ — 



since the last integral converges. Therefore, /„i = 0(n^2'^^"+^) and hence ■n?°'Ini = o{n°'^* ) by the definition of iJ^, 
and condition /? > 0. 

Next, using Hoeffding's inequality in (|7.10p . for some constant c > we obtain 



U>n „<„<„3/2 j(>„3/2 

Hence, T„i = o(?i"^*). Since estimation of T„2 is completely analogous, this proves J"^ = o(l) and Theorem 14.21 too. 

Proposition 4.2 Lei {£2(2;, y)}, {-^2^(2;,?/)} be the random fields in (^TTIp, ^.21\ ), respectively, and Hi -9^ holds. Then, 
as A — > 00, 

X-'/''L2{x,Xy) ^ L2.{x,y), x,y > 0. (4.24) 

Proof. We restrict the proof of (|4.24p to that of the one-dimensional convergence at .x = y = 1. Accordingly, it suffices 
to show lim>_j.oo J\ = J, where 

Jx \J{J J '^2(^ - s - -2)dMs^ d^, _/ (_/ ^2^(* ~ < ''^ < I)) 
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and / = Split Ja = 4 + Jl where j; A"! / l{\v\ < 2A)(- • • )"d/., 4' := A"! / li\v\ > 2\){- ■ ■ )"dM. The 

hmit J'-^ ^ J follows by the dominated convergence theorem and the change of variable v — > Af using the facts that 

v/27r(i-u)Jo 1^0, w^[0,l], 

and \q\it, u, v)\ < 1 for any i > w, u € M. The proof of J" is similar to the proof of J"^ ^ in Theorem 14.21 and is 
omitted. Proposition |4?2] is proved. 

Remark 4.1 [35] discussed aggregation of stationary AR(1) processes X{t) = AX{t — 1) + e{t), t E Z with random 
coefficient A G (0,1) and i.i.d. innovations {£{t)} G D{a),0 < a < 2. Under similar assumptions as in Theorem 14.11 
they proved that normalized partial sums of the corresponding aggregated a— stable process {X(t),t € Z} tend, in 
distribution, to a self-similar process {L{x),x > 0} written as the stochastic integral 

L{x)= [ {f{x^u,z)^ f{-u,z))y{du,dz). (4.25) 

where /(u, z) := (1 — e^^")l(it > 0) and u is an a— stable random measure on Rx M+ with control measure Cz^~'^dudz. 
Note that f{x~u, z) — f{—u, z) = {z/2) ft,2*(i— u, z)dt, where is defined in (|4.2ip . Hence, (|4.25p can be rewritten as 
L{x) = /uxR^ i'(dM, dz) /i2*(i — It, z)dt, where i'(du, dz) := (z/2)i^(dit, dz) is a— stable random measure with control 
measure Cz^dudz. The above facts imply that for any fixed y > 0, the sectional random process {L2^c{x,y),x > 0} 
in (|4.2ip coincides (up to a multiplicative constant) with the process {L{x),x > 0} of (|4.25p . in distribution. Note 
that for < yi < y2, the increment process {i2*(a;, j/2) — i2*(a;, yi), a; > 0} is independent of {L2i,{x,yi),x > 0} and 
{L2*{x,y2) - L2i,{x,yi),x > 0} ^= {L2i,{x,y2 - yi), x > 0} . 

Proposition 4.1 Let the conditions of Theorem \^.l\ he satisfied. Then: 

(i) The random field {X2(t, s)} in \4.1^ has anisotropic distributional long memory with parameters Hi = H — 
k±^^H2=2Hi. 

(a) The random field {X2(t, s)} in ^JjJ^ does not have isotropic distributional long memory. 
The proof of Proposition 14. 1 1 is analog to the proof of Proposition [5lTJ 



5 Aggregation of the 3N model 

In this section we prove the anisotropic long memory properties, in the sense of Definition 12.21 of Section 2, of the 
aggregated 3N model given by 

Xait^s) = X! / 93{t-u,s-v,a)Mu^y{da), (i, s)eZ^, (5.1) 

where {Mu.v{da), (u,w) € 1?} are i.i.d. copies of a— stable random measure M on [0, 1) with control measure <I>(da) = 
P{A e da) and the characteristic function Ee"'^^^^) = e-l^l°"('')*(^), B C [0,1), see ([3l^ . (|3J6l) . and g3{t,s,a) is 
the Green function of the random walk {M^} on Z^ with one-step transition probabilities shown in Figure 1 b). For 
1 < a < 2, (|5.ip is well-defined, provided the mixing distribution satisfies p.22p . 
Introduce a random field {1/3(2;, y), {x, y) £ M^} as a stochastic integral 

r ry 
V3{x,y) :— / M{du,dv,dz) / / h^it — u, s — v, z)dtds, (5.2) 

jR^xR+ Jo Jo 

where A4 is a— stable random measure on x with control measure d/i(u, v, z) := (pi z^dudvdz and characteristic 
function Ec'^^^^^ = c-\s\''<^{0)tJ,iB) ^ where B C x M+ is a measurable set with fi{B) < 00. As shown in the 
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proof of Theorem 15.11 below, the stochastic integral in (|5.2p is well-defined. The random field in (|5.2p has a— stable 
finite-dimensional distributions and stationary increments in the sense that for any G 

{V3ix,y),{x,y)eRl} {V^iu + x,v + y) - V3iu,v + y) - Vaiu + x,v) + V3iu,v), {x,y) e Ml}. (5.3) 

Moreover, is OSRF and satisfies pTi)) . viz., 

{V3{Xx,VXy)} {A^F3(x,2/)}, (5.4) 

with H given in (j5.7p . Property (|5.4p is immediate from the scaling properties /i3(Au, a/Aw, A^^z) = A^^/^ft-3(w, u, z) 
and {M{dXu,dy/Xv,dX^^ z)} ^= {X^^ M{du,dv,dz)}, the last property being a consequence of the scaling property 
of /i(dAu, d-s/Af, dA^^z) = X^^^ fi{du, dv, dz) of the control measure fi. 

Remark 5.1 The random field ()5.2p is different from the class of a— stable OSRFs defined in ([6], (3.1)) because the 
latter fields satisfy a different stationary increment property, see ([5], (3.5)). Moreover, (|5.2p have a mixed moving 
average representation in contrast to the moving average representation in ([6], (3.1)). 



The main result of this section is Theorem 15.11 Its proof is based on the asymptotics of the Green function in 
Lemma |5.1[ below. The proof of Lemma |5. II is given in Section 7 (Appendix). 

Lemma 5.1 For any {t,s,z) e (0, oo) x M x (0,cxj) the point-wise convergence in il.l9\) holds. This convergence is 
uniform on any relatively compact set {e<t<l/e, e<|s|<l/e, e<z< 1/e} C (0,oo) x R x (0, oo), e > 0. 
Moreover, there exist constants C, c > such that for all sufficiently large X and any (i, s, z), i > 0, s G R, < z < A 
the following inequality holds: 

VXg,[[Xt],[^s],l-^) < C{hit,s,z) + VXe-^'-^^''^'''-<^'\^\^'''), (5.5) 
where hait, s, z) := ^ e~^*~T6t , [t, s, z) e (0, od) x R x (0, oo). 

Theorem 5.1 Assume that the mixing density (f> is bounded on [0, 1) and satisfies where 

0<l3<a-l, l<a<2. (5.6) 
Let {X^lt, s)} be the aggregated random field in i5.1]) . Then 

[nx] [-/ny] 1 _ „ 

Proof. Write Sn{x,y) for the l.h.s. of (|5.7p . We prove the convergence of one-dimensional distributions in (|5.7p at 
X = y = 1 only, since the general case of (|5.7p is completely analogous. We have 



Eei«^3(i,i) = exp|-|6i|"/ (G(u, w, z))"cj(6'G(u, w, z))d^(u, w, z)|. 



Eeies„(i,i) ^ expj-l^rn-^" ^ E[g^(u, A)w(0g„(u, w, A))] }, e R, 



where 

fi /.I 



G{u,v,z):= / / h3{t — u, s — v, z)dtds, Qn{u,v,a) := ^ g3{t — u,s — v,a). (5.8) 

l<t<n, l<s<[\/n| 

Since U!{0) in p.l5p depends on the sign of 9 only and G > 0, Gn > 0, in the rest of the proof we can assume w(-) = 1 
without loss of generality, c.f. ([38], proof of Theorem 3.1). Hence, it suffices to show 

Jn := n-"" V E{gn{u,v,A)r ^ I {G{u,v,z)rdn =: J. (5.9) 
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Let us first check that J < oo, i.e., that ¥3(1, 1) is well-defined as a stochastic integral with respect to M. We have 

1 ^-(s-vf/4{t-u)^-3z{t-u)-,(^^, ^ fyfA.Y^P^„A„r]^ = C(Ji+J2), 

— 11,) ' 



»1 /.I 

J = c ' 



where, by Minkowski's inequality, 
Ji 



( / du dv Z^dz- ' ^-<.{s-v)-/4(t+u)^-3az{t+u)\ I 

^Jo JR Jo [t + U)"' ) i 

\t(rdu Hz^dz \.e-3-(^-^"))^^"V 
^Jo Jo {t + u)— ' J 

Wo + + J 



^0 

Jo ^JO JR v'O 

= C 

= C{ I dt 



= c{{d,(-^)"y 

since ^ < 1 holds because of (|5.6p and a < 3. Next, 
»i ^ ^00 , ^1 

J2 



/ dy / di; r zf'dzl I ds r^e-(^-^)'/4-e-3-dx)" 
Jo Jr Jo Wo Jo V^^ 

/•l p pOQ pi p pOO 

dy dv z/^dz {■■■}"+ dy dv z^dz {■■■}"=: J21 + J2 

Jo J\v\<2 Jo Jo J\v\>2 Jo 



Here, 



J21 < C ■^'^'^^{/ e-3^^dx|" = CjJI 2''~"(l-e-^)"dz 



< 00 



since a > 1 + /3. Finally, since (s - i;)^ > v'^/A for |s| < 1, \v\ > 2, so e-("-"''/'^^ds < c-^'/^^^ < C(x/u2) {\v\ > 
2,0 < X- < 1) and 



J22 < 



C [ \v\-^''dv r z^dz\ /'.Ti/^e-a-dx}" 
J|d|>2 Jo Wo 

< c{ j\^'-d.{ He-^-z^dzyy = c{ f'-^y < oo, 



/o ^Jo ' ^ ^ Jo X 

since + < 1. This proves J < 00, or G G ^"(m)- 

Let us prove the convergence in (|5.9p . For notational simplicity we can assume (/)(a) = (1 — a)*^, c.f. ([5S], proof of 
Theorem 3.1). Then 



J„ = / {Gn{u,v,z))"dfi{u,v,z), 

Jr2xR+ 

where 

Gn(u,v,z) := / v^33(['^^] ~ I*^"] — [-v/nt'l, 1 — — )l(0 < z < n)dMs. 
J(oa]2 « 

Let We := G ^ . |„| <- 2/e,e < 2 < 1/e}. We claim that 

lim sup \Gn{u,v,z)-G{u,v,z)\ = 0, Ve > 0. (5.10) 
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To show (|5.10p . for given ei > split Gn{u, v, z) — G{u, v, z) = X]j=i -rnj(w, w, z), where, for < z < n, 

r„i(u,z;,z) := / {^/ng3([n^] — [nu], [\/rIs] ^ [v^^]i 1 ) — ft.3(< — w, s — u, z)}dMs, 



(0,l]"nD(ei) 

z , 



r„2(w,'y,2:) := / ^/ng■i(\ni\ - [nu], \\/ns\ - 1 )dtds, 

J(o,i]^nr>(ei)': " 



r„3(u,?;,z) := — / /i3(i — u, s — w, z)dtds, 

J(o,i]^nn(ei)^ 

and where the sets D{e), D{ey (depending on u,v) are defined by 

D{e) {(t, s) e (0, 1]2 : t - u > e, \s - v\ > e}, I?(e)^ (0, l]^ \ i^(e). 
To show ()5.10p . it suffices to verify that for any e > 0, 6 > there exists ei > 0, rii > 1 such that 

hm sup r„i(-u,w, z) = 0, (5-11) 
sup \Tni{u,v,z)\ < S, 1 = 2,3, Vn > ni. (5-12) 

(u,d,z)GH'j 

Relation ([5lT|) follows from LemmaONext, |r„3(w, v, z)\ < C /J' r'^/'^dt + C J^^ tr^/'^dt /|^|^^^ ds = O(V^), implying 
for i = 3 with ei = C^^. Finally, using dES]) we obtain \Tn2{u,v,z)\ < C^/^ + Cy^ e'''^"*'''^' dt < Cy/e[ + 
C/y/n. < 6 provided ^/el < d/{2C),n > rii = (2C/(5)^ hold. This proves ((5?T2|) for i = 2 and hence (|5?T0l) . too. 

Let 

G;(u,w,z) := ^^l(0<z<r^) / e-"(*-")-^("(*~"»'''-^(^l^-"l''^'l(t > w)dtds. 



'(o,i]= 

where c > is the same as in (15.51). Let us show that 



4 := / (G:,(u,«,z)rdM - o(l). (5.13) 

Split J'j = I^Li ^ni, where 



/ni / (G:,)"d/., /„2 / (G^rd//, /„3 / (G:,)"dM, 

'(-oo,0]xR+xR+ J(0,l]x [-2,2]xR+ -/(Oajx [-2,2] = xR+ 



< Gn— <! / dt 



[-2,2]" M\[-2,2]. Using the fact that /rC"™ I^^^I dv = G/0i and Minkowski's inequality, 

^_az{t+u)-ca{nit+u)y^''~ca{^\s-v\)^^'' ^f!^^ dzV^")" 
'(0a]2 ^jR_|_xRxR+ ^ 

Vio (t + ii)i+'3y / - 

where - (5 > and I { /g" di( /g" e-^"(*+")'''(t + M)-i-'3du)'/"}" < oo. Next, 

/„2 < G7i"/2 Tz^dzj / e-^*-^("*)'''-^(V^I^I)'''dMsr 

7n 1^ 7/n ,112 i 



J(OAY 



< g{ y e-=("*)'''di( j e-"^*z^dz) }" 

< g{ re-^("*)''-^t-^dt}" < Gn-("-i-« = o(l). 



Finally, using e-'^^v^l^-^D'^" < e-(=/2)(v^l^l)'^' for > 2, |s| < 1 it easily follows /„3 = 0(e-='"'^') = o(l) (3 c' > 0), 
thus completing the proof of ()5.13p . 
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With (|5.10p and (|5.13p in mind, write 



\Jn-J\ < I |G^-G"|d/i+/ \GXdfi+ f \G\"dfi 



< f |G^-G"|dA. + C / \GXdfi + C f \Grdfi+ f |Grd/i, (5.14) 

where G(u, u, z) h3{t ~ u,s ~ v, z)dtds, := x IR+ \ We. Since G,G € L"{fi), the third and fourth terms 

on the r.h.s. of (|5.14p can be made arbitrary smah by choosing e > small enough. Next, for a given e > 0, the first 
term on the r.h.s. of (|5.14|) vanishes in view of (|5.10p . and the second term tends to zero, see (|5.13p . This proves ()5.9p . 
thus concluding the proof Theorem 15.11 □ 

The next Theorem 15.21 shows that when partial sums of {X3(i, s)} in (|5.ip are taken on 'commensurate' rectangles 
(the number of summands in the horizontal and the vertical directions grow at the same rate 0{n)) the limit field is 
different. 



Theorem 5.2 Assume the conditions and notation of Theorem \5.1\ Then 

[ny] ^ 

n-^'Y^y^Mt.s) ^ ^3*(x,2/), x,y>Q, := ^ ^ (5.15) 

where 

Vs,{x,y) / M{du,dv,dz)l{0<v<y) ( h^^^t ~ u, z)dt, (5.16) 

jR2xR+ JO 

hs^u.z) := / h3{u,v,z)dv = 12e"3"n(u > 0), (5.17) 
Jr 

where A4 is the same as in Theorem \5.1[ 

Proof. Similarly as in the case of Theorem 15.11 we prove one-dimensional convergence in (|5.15p at x = y = I only, and 
assume $(da) = (1 — a)^da. Correspondingly, it suffices to show the limit lim J„* = J*, where 



Jn* ■= / (G„*(w, u, z))"d/i(u,w,z), ,h / {G^,{u,v, z))°'d^{u,v, z), 

where 

G^,{u,v,z) := 1(0 < w < 1) dt ds h^lt — u, s, z), 

Jo Jm 

Gn*{u,v,z) := / dty^gsilnt] - [nu],s - [nv],l )l(0<z<n), 

•^0 s=l 

~ dt ds \/n g3,{[nt\ — [nw], 1 )l(0 < z < n^l — [nv] < [-i/ns] < ? 

Jo Jr 

dt / ds fn{t, S, U, V, z). 



[nv]), 



Define 4, := ^.^^^ (G„.(u, z))"l(|^;| < 3)d^i, 4', := J^.^jj^ (G„.(w, i;, z))n(|H > 3)d/i, JL + JlL = Jn.. Then 
lim Jni, = J* follows from lim J,j^ ~ J-^ and lim J"^ ~ 0. 

Note that for any u £ M, u < t, v G M\{0,1}, s, z > 0, we have pointwise convergence 

1(1 - [nv] < [Vns] <n~ [nv]) — > 1(0 < v < 1), as n -> oo, 
^/n gs(^[nt] ~ [nu],['i/ns],l )l(0<z<n) — > h^{t~u,s,z), as n — > oo, 

and therefore 

fn{t, s, u, V, z) — )• hsit — u, s, z)l{0 < w < 1), as n — >■ oo. (5.18) 
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We claim that for any u G M, v G K\{0, 1}, z > 0, 

G„v,(u, V, z) — > Gv,(u, V, z), as n — )• cx). (5.19) 



To show ()5.19p . for given ei > spht G„*(u, w, z) — Gi,{u, v, z) = X]7=i z), where, for < z < 



r*i(u,?;,z) ■=11 (/„(i, s,u, w, z) - /i3(i - u, s,z)l(0 < w < l))dMs, 

Jo J\s\>ti 

r*2(M,?^,2) ■= fn{t,S,U,V,z)dtds, 
Jo "'|s|<ci 

r*3(u,w,z) := - / / /i3(t - w, s, z)l(0 < u < l)dMs, 

^0 "'|s|<ei 

To show (|5.19p . it suffices to verify that for any e > 0, S > there exists ei > 0, rii > 1 such that 

lim K^{u,v,z) = 0, (5.20) 
\ri^{u,v,z)\ < S, j = 2,3, Vn>ni. (5.21) 

Relation (|5.2ip follows from Lemma [5Jl |r*2(M, u, z)| < Cuei + Cu^i^/n e~'^("*)^''^d< < C„ei + C„ei/v^ < ^ provided 
ei < S/{2Cu). |r*3(w,u,z)| < C„ei, implying ((g:^ for i = 3 with ei = S/Cu- Relation (jE^ follows from ([CTS)) 
and the dominated convergence theorem. For this we need to find the dominated integrable function for /n(i, s, u, v, z). 
Using inequality from Lemma [5. II and inequalities e~^ < a;^'^/^, for x > 0, and y/xcT^ < e^^/^, for a; > 0, we have for 
fixed u, {t — u > 0), V, z: 

' [nt] — [nii] 



< ^ e-m^ + C{t - u)-i/2e-'=l"l'^' =: /(<, s). 

It is not difficult to see, that /(t, s)dMs < oo. Therefore pointwise convergence in (|5.19p is proved. Using 

(|5.5p . we also get 

Gn*{u,v,z) = I dt ds fn{t,s,u,v,z) 







< f at [ d.(/^3( ^"^^"^""l .,.-)+V^e-^^-a"*i-[""i)^^^-(v^i-i)^^^) 

< C [ die-^'(*-")l(u < t) 

Jo 

The integral of the function on the right side of last inequality is finite. Indeed, 

( / dte~^'(*~"))"l(w < t, \v\ < 3)z'^dudi;dz < C f du f dz z^ f dte-^(*-"))"l(ii < t) =: h + 



/i < CJ du j dzz^(^J die"^(*~")) duj dz z'5^"(^l-e-^(^-")j 







"(l-e-f 



< C I z'^-"(l-e-M dz<G 



h < CI duj dzz^i^j die-^(*+")) <^^{y dt(y duj dz z''e-"^(*+"') | 



< / dt[ 

lo ^Jo ' ' ^ Jo 



U iu + t)-^-^du^ "}"<g{/ i-'3/"di}" < C, since 1 - > 0. 
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From the last fact, the limit in (|5.19p and the dominated eonvergenee theorem follows lim J^,^ = J^. Now we will show 
lim Jj"^ = 0. Again using inequality in (|5.5p . we have J"^ < /i.„ + l2,m where 



OO />1 



Ji.„ := du dv dzz^(/ dW dsV^e-^^'^-=(["*l-[""l''''-^(v^l^l)''')"l„(i,u,z,s,«), 

JM J\v\>3 Ja Jo Js. 

du [ dv [ dzz'^f [ dt [ dsfegf ^""^^ ~ s, z)Yln{t,u, z, s,v), 
J\v\>3 Jo ^Jo Jm \ n // 

here !„(<, u, z, s, v) := — [nw] >0, 0<z<n, 1 — [nv] < [^/ns] < n — [nv]). Note that 



ds e-"(^l"l)'''l(l- M < [V^s] <n-[nv], \v\ > 3) < CV^e-'^^^^d"!' > 3). 

Therefore, 

Ii,n < Cn°' f c-""^(™"(l''l' l"-2|)'^'dw / du / dzz'H f dt e-^(*-")-'=(*-")'^')"l(t-M > 0,0 < z < n) 



'|^;|>3 



'\v\> 

< Cn^+'^e""^ ^ 0, as n ^ cx) 



/2.n < Cn2 / du 



e-""^l^l'^'dw / du( / dte^=(*~")''')°l(t-u > 0) 
1 Js. ^Jo ^ 



dv f dzz/^f f dt^^e-^(*-")-'=^^)"l(f-u > 0,0 < z < n) 
'|«|>i "'o ^Jo Vt-u ■' 

< Cn'il [ dt( [ du [ dv [ dzz''(i-u)-te-^"(*-")-'="^^)~)"l(t-u > 0,0 < z < n) 
^Jo ^Jm J\v\>i Jo ' ' 

< Cnt(^dt(y"du^ dn(t-u)-t-^-ie"""^^)°)"l(t-u>0) 

< Cn^^ dw / dyy^'S'^''"^ e~^ = Cn"*^ -)■ 0, as n -)■ OO, 

Ju>l ^0 

since 1 — + /3) < and y^f-^-i e^^"wdy < od. This proves lim J"^ = and Theorem 15.21 too. 

Remark 5.2 It is not difficult to show that the random fields {V3{x,y)} and {V3i,{x,y)} in Theorems 15.11 and 15.21 are 



related by A '^/"Vsix, Xy) — > V3^{x,y), x,y > 0, X 



OO. 



Proposition 5.1 Let the conditions of Theorem \5.1\ he satisfied. Then: 

(i) The random field {X3(t, s)} in h5.1]) has anisotropic distributional long memory with parameters Hi = H = 

(ii) The random field {X3(t, s)} in i5. 1\) does not have isotropic distributional long memory. 

Proof, (i) With Theorem 15.11 in mind, it suffices to check that the random field {V3(a;, y)} in (|5.2p has dependent 
increments in arbitrary direction. To this end, consider arbitrary rectangles Ki = K(^^. y^.y(^x. y.) C R^,i ~ 1,2, and 
write / = /j{2xR^ ■ Then V3{Ki) = / G_r-. (it, w, z)dA^, where Gif. (u, w, z) := /^^ hy,{t — u, s — v, z)dtds. Note Gki > 
and GKi{u,v, z) > for any u < Xi implying supp(Gki) ^ supp(Gk2) ^ 0. Hence and from ([S^, Th 3.5.3, p. 128) it 
follows that the increments V'i{Ki),i = 1,2 on arbitrary nonempty rectangles Ki,K2 are dependent, thus concluding 
the proof of (i). 

(ii) With Theorem 15.21 in mind, it suffices to check that the random field {V3*(a;,y)} in (|5.16p has independent in- 
crements in the vertical directions. Similarly as in the proof of (i), for any rectangle K = K^^^^yj^j. y'f C M^, 
V3i,{K) = J GJf (u, w, z)dAl, where G'^{u,v,z) := 1(?7 < v < y) hT,*[t — u,z)dt. Clearly, if Ki,i = 1,2 are two 
rectangle separated by a horizontal line, then supp(Ga'i) ^ supp(Gif2) ^ implying the independence of Vy,i,{Ki) and 
V3i,{K2). Proposition [nH] is proved. □ 
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Let a ~ 2 and rj{t,s) = EX3(t, s)X3(0, 0) be the covariancc function of the aggregated Gaussian random field in 
(j5.ip . Using the representation of r^{t,s) in (|l.lip and Lemma |5.1[ the following proposition obtains the asymptotics 
of r3(t, s) as \t\ + \s\ oo. 

Proposition 5.2 Assume a — 2 and the conditions of Theorem \5.1\ Then for any (t,s) £ Mq 

CM~^''~^l{P + 1/2, .sV4|t|), t ^ 0, ,s ^ 0, 
lim_^A^+i/2r3([At],[\/As]) = p{t,s) <( C3|s|-2^-ir(/3 + 1/2), t = 0, (5.22) 



A— ^oo 



and 

lim A^+i/2,3([^i]j^,]) ^ P*(^>-^) r' , , , (5.23) 

where 7(01,2;) := y'^~^c~ydy is incomplete gamma function and C3 = 7r~'2^'^^"'^3^^''cr^(/)ir(/3 + 1), C4 = 4^^^'^(i + 
/3)-iC3. 

Notice that under the 'parabolic scaling' in (|5.22p we have a non-degenerated limit p{t, s) which is a generalized 
homogeneous function (see, e.g., [22] for a general account) satisfying A^*-^^"^"^^ ^(At, X^^^^^s) = p{t, s) VA > with 
Hi,H2 as in Proposition l5.ll (i) (a = 2). On the other hand, the 'isotonic scaling' in (|5.23p leads to a degenerated limit 
concentrated on the anisotropicity axis s = of the 3N model and vanishing elsewhere. It is clear that the corresponding 
integrated Gaussian random field must have independent increments in the vertical direction, in accordance with 
Proposition 15.11 (ii) . 
Proof of Proposition \5.2\ We have 



r3,{t,s) = a^ ^ / ,93(t + u,s + v,a)53(u,w,a)$(da), (t,s) e Z^, (5.24) 
where tr^ = Ee^. For ease of notation, assume 0(a) = (1 — aY , a £ [0, 1) in the rest of the proof. Then 

/•oo /• /• 1 

= cr^ / du dv {1 - a)^dag3{[u],[v],a)g3{[Xt] + [u],[\/Xs] + [v],a) 



= Ai/2-/3^2 / ax dy z^dzg^ilXx], [VXy], 1 - ^)g3{[Xt] + [Ax], [VXs] + [VXy], 1 - ^). 

Jo Jr Jo ^ ^ 

Hence, 

A^+i/V3([Af],[yAs]) - / / / /CA(x,2/,z)dM, 
Jo Jk Jo 

where d^(x, y, z) = z^dxdydz and 

lCx{x, y, z) := Aa253([Aa;], [VXy], 1 - ^).93([At] + [Xx], [VXs] + [VA?;], 1 - |)1(0 < z < A). 
By Lemma [5.11 for any {x, y, z) S (0, 00) x R x (0, 00) fixed, ]C\{x, y, z) — ^ lC{x, y, z) a^h3{x, y, z)h3{x + t,y-\-s, z), 
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where 



I 







^ ^ ' re -4(2- + *) dx 



20F3i+'3 7o (2x + 



e dx 



3 



40F it x3/2+/3 



1-/3 2 



41/2-/3 



The legitimacy of the passage to the hmit X ^ 00 under the sign of the integral follows from Lemma 15.11 Indeed, the 
bound (jS.Sp implies \JC\{x, y,z)\ < C{JC'{x, y, z) + IC'^{x, y, z)), where < JC'{x, y, z) := h^{x, y, z)h3{x + t,y + s, z) does 
not depend on A and satisfies / IC'{x,'y, z)dfi < 00, see above, while 

< K.'^{x,y,z) := ^ e-^^-'=(^^)''"-'=(^l?'l)'^'e-^(^+*)-=(^(^+*»'^'~^(^l''+«l)'^' 

satisfies limA-^oo / ^'{{x, y, z)d/.j = for any {t, s) € Mg fixed. The last fact can be easily verified by separately consider- 
ing the two cases t > and t = 0, s 7^ 0. E.g., in the first case, we have K.'l{x, y, z) < A e-'=(^*)'^'e-^^-'=(^^)'^'-'=(^l2'l)'^' 
and / lC'^{x, y, z)d^ < Ce~'^ (\tY'^ ^ < c' < c easily follows. The convergence in (|5.23p can be proved in a similar way. 
Proposition [5?2] is proved. 



6 Aggregation of the 4N model 

The stationary solution of (|1.16p is given by 



Xi{t,s) = ^ gi{t - u,s - v,A)e{u,v), {t,s)el?, (6.1) 

(«,-u)6Z2 

where 

00 

gi{t,s,a) = ^a'=pfe(t,s), pu{t, s) ^ V{Wu = {t, s)\Wo = {0,0)) (6.2) 

fe=0 

and {M^A;} is a random walk on 1? with one-step transition probabilities in Fig. 1 c). Under the assumptions of 
Proposition [121 the aggregated random field of ()6.ip exists and is written as 



Xi{t,s) — ^ / gi{t — u,s — v,a)Mu^v{^a.), {t,s)^I?, 

I \^^2 



(6.3) 



where {Mu,v{da), {u,v) E 7?} is the same a— stable random measure as in Sec. 3. For 1 < a < 2 and a regularly 
varying mixing density as in (|1.13p . the random field in (|6.3p is well-defined under the same condition < /3 < a — 1 
as in Theorem RecaU = y |^q^ q)|^ 

Lemma 6.1 For any {t, s, z) S Kq x (0, 00) 

lim g4([At],[As],l-4) = h^it, s, z) = -Ko{2y/7{FT^)) . (6.4) 
The convergence in Jg.^p is uniform on any relatively compact set {e < |t| + |s| < l/e}x{e < z < 1/e} C MqXM_|_, e > 0. 
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Moreover, there exists constants C, c > such that for all sufficiently large X and any (t, s, z) G Mq x (0, A^) the following 
inequality holds: 

g4[Xt],[Xs],l-^) < c{/.4(t,s,.)+c-^^(l*l'''+l^l''''}. (6.5) 



The main result of this sec. is Theorem |6JJ below. 



Theorem 6.1 Let {s(t,s)} and $ satisfy the same conditions as in Theorem \5.1\ and {Xi{t,s)} he the aggregated 4N 
random field in i6.3\) . Then 



[nx] [ny] 
t=l s=l 



fdd 



V4ix,y), x,y>0, 



(6.6) 



where H := and 



V4ix,y) 



l-x r-y 

Al(dM, du, dz) / / h4{t — s — z)AtAs 
Jo Jo 



(6.7) 



and where M is the same a— stable random measure on x M_|_ as in Theorem \5.1\ and h4{t, s, z) is given in Jg.^l ). 



Proof. As in all previous theorems, we prove the convergence of one-dimensional distributions in (|6.6p at a; = y = 1. 
Accordingly, it suffices to show the limit lim J„ = J, where 



J n 



JjZ \\ e( V 54(i-M,s- w,A)) , J ■= i if h4{t-u,s-v,z)dtds) d^. 



Let us first check that J = C /u2xk_|_ ( /(o i]2 ^oi'^V^Wv — i«|j)dv^ z^dwdz < oo. Here, |la;|l^ := x^ + x\, for x = 

{xi,X2) e M^. To this end, split J = Ji + J2, where Ji := /{||,„||<y2}xB+ ' ' ' ' -^2 := /{|| u,||>v/2}xr+ ' ' ' • Minkowski 
inequality, 

l/a ^ Q 



J2 < C{ dv 

'{\\v\\<^} 



K^{2yf^\\v -w\\)z^dzdw "I 



< C\ / dv 

l{\\v\\<V2} 



{||'uj||>y2}xK+ 

\\v~w\\-^-^^dwY"] 



< C 



{||'i«||>V2} 
{^/2^\\v\\)-^"''^dvY < 00, 



1/a ^ a 



l{\\v\\<V2} 

where we used the facts that K^{2^/z)z^dz < 00 and 0</3<q;— 1<2. Next, 



Ji < C I dw I z^dz 



{\\w\\<^/2} Jo 
V2 



{IK'll<\/2} 



Ka{2y^\\v\\)dv 



< C I z^dz 



/^o(2^/^r)rd^ 



/•OO 

< C\ z'^(z-"/2i(0<z<l) + z-"l(z>l))dz < 00, 
Jo 



where we used < /3 < a — 1 and the inequality 



KQ{fl^Jl.r)rdr < C 



0<z<l, 
-\ z>l. 



which is a consequence of the fact that the function r h- !■ rA'o(j') is bounded and intcgrablc on (0,cxj). This proves 
J < 00. 
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Next, we prove the convergence J„ — >■ J. The proof uses Lemma l6.ll Assume for simphcity 4'{a) = (1 — a)^ . Then 



(G'„(w, w, z))"d/i(u,'y,z), ^ = / w, z))"d//(-u, w, z), 

; no- 



where 



G{u,v,z) := / h4{t — u, s — V, z)dtds, Gn{u,v,z) / 34 ( [nt] — [nw] , [ns] — [ni;] , 1 -)dtds. 

J{0,1? "'(0,1]^ 



Let G;(m, V, z) := 1(0 < z < n^) /^p^^j, c-'=(V"l*-"l+V"l'*-"l)dMs, where c> is the same as in (EH). Then 

4 := / {G',^{u,v,z)rdfi{u,v,z) - 0(n2(^-"+i)) = o(l). (6.8) 



Indeed, j; < Cn^P+^ ^ ( e-v^d^)"d^.}^ where e-VH^dt)"d. < /^|„|<,j(. • • )"d.+/^|„|>,j(. • • )"d« 

=: 4 + i'^. Here, ^ < C( e-'^^du)" < C/n" and < C /^^ e-'="V"("-i)du = (^(e-^'^^), c' > 0. This proves 
(|6.8p . The rest of the proof is similar as in the case of Theorem 15.11 Theorem 16.11 is proved. □ 

Proposition 6.1 Let the conditions of Theorem \6 . 1\ be satisfied. Then the random field {Xi{t^ s)} in h6.3\) has isotropic 
distributional long memory. 

Proof. Similar to the proof of Proposition 15 . II we need to show that the random field {V4(x, y)} in (|6.7p has dependent 
increments in arbitrary direction. Consider arbitrary rectangles Ki = K(^^. ,^.y(^.j.. y.^ C R^,i = 1,2, and write J = 
/r2xr+ ■ ^^^(^^ ViiKi) = J GKi{u,v,z)dM, where 



GKi{u,v,z):= ( hi{t — u,s ~ v,z)dtds ^ f (— ( — exp{— zx— ^ — -i— ^ ^}da;^dMs > 0, 



i = 1,2. 



Therefore supp(Gifj) n supp(G/f2) 0. Hence it follows that the increments V4{Ki),i = 1,2 on arbitrary nonempty 
rectangles Ki , K2 are dependent and random field in (|6.7p has isotropic long memory. □ 

The following proposition obtains an asymptotic behavior of the covariance function of the Gaussian aggregated 
random field in (|6.7p (a = 2). The proof of Proposition 16.21 uses Lemma |6TT] and is omitted. 



Proposition 6.2 Assume a = 2 and the conditions of Theorem \6.1[ Then for any (t, s) € Rq 

(6.9) 



limA^^4(M,[A.]) = ^!M^±im(,. + 

A^cso TT 



7 Appendix. Proofs of Lemmas 14.11 , 15.11 and 16.11 

Let us note that the asymptotics of some lattice Green functions as |i| + |s| — > oo and a 1 simultaneously was derived 
in MontroU and Weiss [35] using Laplace's method, see, e.g., ([33|, (11.16)), ([Mli (3-185)), however in the literature we 
did not find dominating bounds needed for our purposes. As noted in Sec. 1, our proofs use probabilistic tools and are 
completely independent. 

Proof of Lemma\4-.1\ In terms of 52 of (j4.5p . the statements of the Lemma |4 . 1 1 write as 



lim sup \V\g2{[\u],[^/\^i\,l-'^)-h2{u,v,z)\ =0, Ve > 0, (7.1) 

A->oo ^11^1/ A 
e < u, z, < 1/e 

VAg2([Au],[VAi'],l-^) < C(/i2(?^,w,2) + VAe-^"-^(^")'''-^(^l^l)'^'), Vu,z>0, weM. (7.2) 
A 

Let h{t] k,p) denote the binomial distribution with success probabihty p G (0, 1): 

bit;k,p) := ^,(fe^l^), P*(l"P)""*' fc = 0,l,---, t = 0,l,---,fc. (7.3) 
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Wc shall need the following version of the Moivrc-Laplace theorem (see [T2], vol.1, ch.7, §2, Thm.l): There exists a 
constant C such that when fc — > oo and t — > oo vary in such a way that 

{t-pkf 



A:2 



0, 



then 



b{t;k,p) 



=exp{- 



Jt-fep) 



pr_\ 



1 



< 



C C\t-pk\^ 



fc2 



For p{u,v) in (|46|) . (fTil -fTS l) imply that there exist Kq > Q and C > such that 



sup 

u>o, tie 



p{u,v) 



l{u'>K\v\^u>K,u"'°^\) < ^, \fK>Ko. 



Relations gl]), dZS]) and limA^oo sup,<„_^<i/, |(1 - f - e"^"| easily imply (fTTj) . 
Consider (|7.2p . Split /iA(it, 2^) := ■\/A32([Au], [-v/Aw], 1 — 2;/A) < J2'i=i ^Ai(M, w, z), where 

h\2{u,v,z) := /ia(u, w, z)1(-\/Am^ < /-^Ivp, Au > iiT), /ia3(m, u, z) := ft,A(w, z)l(Aw < if). 
Then, ([7^ together with dH?]) and < 1 - f < e"^/^, < z < A imply that 



(7.4) 



(7.5) 



(7.6) 



hxiiu,v,z) < 



C 



K' 



WK>Ko, Vm > 0, w e M, < z < A. 



(7.7) 



Note that \/X\v\ > 2 implies [VXv]'^ > (l/4)Aw2, while \/X\v\ < 2 and Xu > K > 1 imply e-"""/^" > e'^/^ = c'. Hence 
and from (|7.7p we obtain 



h\i{u, V, z) < Ch2{u, v,z), Vw > 0, u G M, < z < A. 



(7.8) 



To estimate /ia2, we use the well-known Hoeffding's inequality [23] . Let b(t; k,p) be the binomial distribution in ()7.3p . 
Then for any r > 



^ 6(t;/c,p) < 2e- 

\t~kp\>T\/k 



2t' 



In terms of p(u, u) of (|4.6p . inequality (|7.9p writes as 



^ p(u,v) < 2e' 

\v\>2Ty/u 



Vr > 0. 



We shall also use the following bound 

p(u,v) < 2e-"'/2", Vu,w e Z, M > 0, |w| < u, 
which easily follows from (I7.10p . Using (|7.1ip . for any u > 0, w G M, < z < A, A > 0, A' > we obtain 



(7.9) 



(7.10) 



(7.11) 



hx2iu,v,z) < 2y/Xe~^"~^^^^l{VXu'^ < K\v\^ Xu> K) 

< C(if)VAexp{-z.-(l/8)max(^^,^^^M^)} 



< C{K)VXexp{ 



(Am)V3 ^ (Va|i;|)1/2 
16A'2/3 16A:i/2 



}• 



Indeed, [VX\v\] > VX\v\ - 1 > for > 2/VA and hence 



[VX\v\]^ . z;2 



>_>i , . (Au)V3 iVx\v\y/^ jXu)^/^ (^Ab|)V2 

2[Au] "8^-8 ^ A:2/3 ' ) - l6if2/3 + i6A'i/2 



(7.12) 



(7.13) 
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holds for ^/A^t2 < K\v\^, \v\ > 2/y/X. On the other hand, {^/Xu^/Xy/^ < \v\ < 2/^/A imphes Xu < in which 

case the r.h.s. of (171^ does not exceed (^/2/16)(l + =: c{K) and ^^TVHi holds with C{K) ^ c^(^). A similar 
bound as in (|7.12p follows for hx3{u,v,z), using hx3{u,v, z) < y/\c^~^p{[Xu],[\/\v])l{Xu < K) < \/Ac^^"l(Au < 
K, \[\/Xv]\ < K). The desired inequality in (|7.2p now follows by combining (|7.8p and (|7.12p and taking K > a fixed 
and sufficiently large number. Lemma l4.1l is proved. 

Proof of Lemma [5J[ Let us first explain the idea behind the derivation of (|1.19p . Write Wk = {Wik,W2k) S Z^. Note 
Wik has the binomial distribution with success probability 1/3 and, conditioned on Wik = t, W2k is a sum oi k — t 
Bernoulli r.v.'s taking values ±1 with probability 1/2. Hence for k > t,k — t > \s\ and k — t + s even. 



Pkit,s) = PiWik^t,W2k=s) ^ PiWkl=t)P{Wk2^s\Wkl=t) 

= b{t;k,^)p{k~t,s). 



(7.14) 



Here, p{k — t,s) = &((fc — t + s)/2; k — t, ^) is the same as in (|4.6p and b{t; k,p) is the binomial probability in (|7.3p . 
Using (|7.14p and the Moivre-Laplace approximation in (|7.5p . we can write 



VA53(M,[VAs],1-A-^z) = VA ^ (l--)V([At],[VAs] 

k=[\t] 



- y 



{3Xt-k) 
12Xt 



2X 

3 
2 

3 
2 



3A£ 



fe=[At] 



4^(l) V'^7r/2)(f-t) 



(l/2)(f -t) 



47rx 



1 



V(V2)(x-t) 

A(3t-x)^ 1 



2V7rt 



127ri V(V2)(.T-i) 



-(i/2)(x-t) da; 



(f ) 

e~ (i/2)(x-t) da; 



(7.15) 



Dd2 



Here, factor ^ in front of the second sum comes from the fact that pk{t,s) = for fc — < 7^ s, while factor 

} behaves as a delta-function in a neighborhood of fc = 3Xt or x ^ 3t, 



(3At-fc)"' 



x{3t-xy 



12At)(^) J V 127rt ""i-L 12t 

resulting in the asymptotic formula (j7.15p . 

Let us turn to the rigorous proof of (|7.15l) and Lemma Split 



hxit, s, z) ■= VXgsiiXt], [\/As], 1 - X-^z) = ^ h^^it, s, z). 



(7.16) 



i=0 



where 

h\o{t,s,z 

h\i{t,s,z 

hx2{t,s,z 

hx3{t,s,z 

hx4{t,s,z 
hxbit, s, z 



{^-j) Pkm,[^s])liXt<K), 

00 

VA y (1 - y) V([Ai], [\/As])l(X|3Ai - fcp > e, Xt > /<), 

00 I 

VA y (1 - ^)''b{[Xt]; k, -){p{k - [At], [s/Xs]) - p{[2Xt], [VXs\)}\(K\-iXt - fc|^ < /c^ At > A') 

00 ^ 

VAp([2At], [TAs]) y |(i - f )^ - (1 - |)''*}6([At]; A;, -)l(A|3At - fcj^ < fc^ At > A), 



fc=[At] 

x/Ap([2At], [VAs])(1 - jf^\Vx{t) - 3), 



:= 3VAp([2At],[VAs])(l- 



Z N 3At 

A^ ' 
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and where p(t, 5) (p{t, s) -\- p{t, s -\- 1))/2, teN, s G Z and 

Vx(t) := bi[Xt];k,-)l{K\3Xt-k\^ <k^, Xt> K). 

k=lXt] 

Here, hx^ is the main term and h\i, i = 0, 1, • • • ,4 are remainder terms. In particular, we shall prove that 

lim limsup sup \hxtit,s,z)\ = 0, Vi = 0, 1, 2, 3, 4, Ve > 0. (7.17) 

if-J-oo x^oD e<t,\s\,z<l/e 

Relations (|7.17p are used to prove (|1.19p . The proof of (|5.5p also uses the decomposition (|7.16p . with K > a fixed 
large number. 

Step 1 (estimation of /ias)- For any e > 0, 

lim sup \hx'i{t,s,z) - hs,{t,s,z)\ = 0. (7-18) 

e<t,\s\,z<l/e 

Moreover, there exist constants C, c > such that for all sufficiently large A and any (t, s, z) S R'^, < > 0, s S R, < 
z < A the following inequality holds 

\hx,{t.s,z)\ < C(/i3(i,s,z) + v^e-^*-=(^*)'''-^(^l^l)''Y (7.19) 

Relations (j7.18p and (|7.19l) follow as in the proof of Lemma 14.11 (|7.1I) and (|7.2p , respectively. 

Step 2 (estimation of /ia4). Let us show ()7.17p for i = 4 and that there exist constants C, c > such that for all 
sufficiently large A and any (i, s, z) £ R"^, t>0, sgM., 0<z< \ the following inequality holds: 

\hx4it,s,z)\ < C(/i3(i,s,z) + VAe-"*-^(^*)'^'-^(^l^l)'^'). (7.20) 

Indeed, \hx4{t, s,z)\< Chx5{t, s, z)\Vx{t) - 3\. Therefore the above facts f ([7T7|) for i = 4 and (fT^ ) follow from Step 
1 and the following bound: There exist C, c > and Kq > such that 

|yA(i)-3| < C(A'"i/3+e""(^/^)'^'), y X> 0,t>0, Xt> K, K > Kq. (7.21) 

To show (|7.2ip we use the Moivre-Laplace approximation in (|7.5p . Accordingly, Vx{t) ~ Vxi{t) + Vx2{t), where 

and where VA2(i) satisfies 

\Vx2it)\ < {C/K)Vxi(t) 

for all X > 0, t > 0, Xt > K, K > Kq and some C > and Kq > independent of X,t, and if. Hence, it suffices to 
prove ([731]) for Vxiit) instead of yx(t). 

Let Vk{t) := {keN: K\5t - k\^ < k'^}, r > 0. There exist C > and tq > such that k € Vk{t) implies 

|fc - 3t| < Ct^/^/A'I/s and 2t < fc < 4t, Vt > tq. (7.22) 

Indeed, let k < 3t. Then \k - 3t| < fc^/s/Jfi/s < 32/3^2/3/^1/3 ^nd the first inequality in (j?:^ holds with C = 3^/3. 
Next, let k > 3t. Then k^^'^/K^^'^ < fc/4 for r > tq and some tq > and hence /c — 3t < /s/4 implying k < At. In turn 
this implies \k - 3r| < {AtY'^/K^'^ and ([7:221) holds with C = 4^/3. 

Consider -i= - = -^(^=^ _ l). Using |1 - ^| < |x| and |1 - < 2\x\ for |x| < 1/2 we obtain 

I— ^ I < g 1 C ,1 J_| C 

'TI^VH' " TTtKy^ixty/^ ^ VxtKV^' 'fc'sAt' ^ (Atjv^i^v^' ^ 
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for some constant C < oo and all \k - 3Xt\ < C{Xt)^/^ /K'^^^, Xt > K > Kq and Kq > large enough. From (|7.23p and 
(|7.22p . for the above values of fc, A, t, K we obtain 

I ^ ^-(?,\\t]-k)^ /ik 1 ^-(3[At]~fc)^/12At| ^ ^ ^ ^-(3fAtl-A:)Vl2At 

Hence, I^aiW - 3| < |C/Ai(t) - 3| + t/A2W + (:K^)C/A3(t), where 

q OO 

2V3^ ^ I - ' 



fc=[At] 



[/asW := ^^e-'^Vm.i^^^^^), 
V At , 



fee 

It is easy to show that Ux-i{t) < C and \Uxi{t) - 3| = |?7ai(0 - S^e-""^ '^^Ax\ < C/Vxi < CIlC^ uniformly in 
A > 0, t > 0, if > iTo. Next, with j = k- 3[Xt] and using the fact that k'^ = (j + 3[Xt])'^ > [Xt]'^ > [Xtf /2 



This proves ((7?^ and hence ((7?^ . too. 

S'iep 5 (estimation of /ia3)- First we estimate the difference inside the curly brackets. There exist C^KqjTq > such 
that k G I?if(T), K > Kq, T > To imply 

2 /3 

|a'=-a3r|<p^2r^|l_^|^ Va€[0,l]. (7.24) 

Indeed, let k < 3t. Using (fr22| and 1 - < (1 + t)(1 - a), Vt > 0, Va e [0, 1], for sufficiently large t > K we obtain 
|afc_a3T| < afc|a3r-fe_ 2| < _ ^ _ ^| < c'Q2r rf/f+i |^ _ ^| < _c_a2r^2/3|^_^|^ rpj^g (jj^gg fc > 3t in (|7:24| 

follows analogously. Using ()7.24p and (|7.2ip . together with the inequality ze~^^ < Ce~^, z > 0, we obtain 

\h,,it,s,z)\ < VXpim, [^/A.])(l - jf'' ^^'^'^yj^^ Vxit) 
< C^/Ap([2At],[VA.])c-2.*(At)^^ 

^ (^^P([2At],[VA5])e-^*. 
Therefore as in Step 2 we obtain the convergence in (j7.17p for i = 3 together with the bound 

\hx3{t,s,z)\ < C{h{t,s,z) + VXe-^'-<^''>'"~<^^^^'>'''). (7.25) 

Step 4 (estimation of h\2). First we estimate the difference inside the curly brackets. There exist C > and Kq > 
such that for any A, t, s, k, K satisfying 

A>0, t>0, seR, ken, K>Ka, Xt>K, K\k - 3Xt\^ < k^ , X^^^t^ > K\s\^ , (7.26) 

the following inequality holds 

|p(fc-[A^],[^/A.s])-p([2A^],[^/A.])| < ^^-^^^-^e-^^^"*. (7.27) 
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In the proof of (|7.27p . below, assume that k - [Xt] = ^ [y/Xs], [2 At] = [^/As]; the remaining cases can be discussed 
analogously. Using the Moivre-Laplace formula (|7.6p we have that 



p{k - [Xt], [VXs]) - p{[2Xt], [VXs] 



5^^^^TA7i7 i + ) e'^^ l + 0(— ) . 



As in (11231), 



1 , C I 1 1 I C 

< \-. r-^-T^ < 



'yfc^lAt] ypt]' - (Ai)i/2A'2/3' lfc_[Ai] [2At]l - (Ai)4/3i^i/3- 

Hence it easily follows e ^TTrqxtjT <^ Ce~Tot , where the arguments satisfy (|7.26p . The above facts imply (|7.27p . Using 
(|7.27p for s satisfying (|7.26p we can write 



A:=[At] 

< ]^'*3(i,s,z)FA(t) < -^Mt^s^z), (7.28) 

see dLHl). 

Next we will evaluate hx2{t,s,z) for X^^'^t^ < K\s\^ (and X,t,k,K satisfying (j7.26p ). Using the inequality in (|7.1ip . 
the bound k < AXt, sec (|7.22p . and arguing as in (|7.13p we have that 



[VXs]^ r(%/As)V2 (At)i/3 ^ 

(fc - \Xt]) ^ 6t^ I 6i^i/2 ' 6i^2/3 / 



2(fc - [At]) 6t 
and hence 

pi[Xt], [VXs]) < Cc-<KKXt)^/^-ciK)iVX\s\)^'^^ 

where c{K) > depends only on K. Therefore, 

|/iA2(t,s,z)| < C%/Ae-2-*-^(^)(^*)'''-^(^)(^l^l)''VA(t) 

< C'yAc~2'^*~'='^''^*''^'"'=<^'<^l"l)'''. (7.29) 

The resulting bound 

\h,,{t,s,z)\ < C{h{t,s,z) + VXe-^'-<''^'''-<^\^\^''') (7.30) 
follows from (|7.28p and (|7.29l) by taking K > Kq sufficiently large but fixed. 

Step 5 (estimation of hxi). From (|7.9p . we have 6([At]; k, 1/3) < 2e~'^/^-'l'^['^*l~'"'l^/'^. Using this and a similar inequality 
(Tmi) for p{k-[Xt],[y/Xs]) we see that 

|/iAi(i,s,^)| < CVAe-"* ^ e-(2/9)^^^^^e-('/')^^l(i^|3At-fc|3 > fc^At > 7^) 

fc=[At] 
fe>At 

for some positive constant c > depending on K. Split the sum X]fc>At ' ' ' = J2xt<k<xt+{^/\\s\)^/-2 '"Z]fc>At+(VA|s|)3/2 ' ' ' 

Si + E2.. Then Si < Ce-^(^l^l)''" Efc>At e^"'''' < Ce-^(^*)'''-'=(^l^l)''" and 

fc>At+(yA|s|)3/2 

By taking A' > Kq sufficiently large but fixed the above calculations lead to the bound 

|/iAi(i,s,z)| < cyAe-^*-^(^*)'''-^(^l^l)'''. (7.31) 
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Step 6 (estimation of /iao)- Similarly as in Step 5 we obtain 

|/iAo(i,s,z)| < C'yAe--*-^(^*)'''-^(^l^l)'''. (7.32) 



The proof of Lemma 15711 follows from Steps 1-6. 
Proof of Lemmal6J\ Let Wk = {Wik,W2k) & and 

Wik:=Wik + W2k, Wik:=Wik-W2k- 
Then Wk = {Wik, W2k), k = 0,1, ■ ■ ■ is a random walk on the even lattice 

{(w,t;) e : u + i; is even} = {(u, v) G : u "i^^} (7.33) 
with one-step transition probabilities 

F{Wi = {i,j)\Wo=={0,0)) = 1/4, t,j=±l. 
Note that {W^i/c} and {W2fc} are independent symmetric random walks on Z and therefore 

Pk{u,v) := P{Wk = {u,v)\Wo^ {0,0)) - p{k,u)p{k,v), {u,v)^I?, k = 0,l,---, 

where p{u, v) is the m— th step transition probability for the symmetric random walk on Z as given in ()4.6p . The above 
facts imply the following factorization property: 

Pk{t,s) ^pk{t + s,t-s) = p{k,t + s)p{k,t~ s), t,s eZ, k = 0,l,--- . (7.34) 

mod 2 2 

In particular, Pkit, s) = ii k ^ t + s. Split (74([Ai], [As], 1 — j^) = J2i=i 7Ai(^j s, z), where 

jM{t,s,z) := i^-^y P[A^.l([At],[As])l(xe/A.(t,s))da;, 1,2,3, 

and where 

hi{t,s) := {x > : Ax^ > K{\t\^ + jsp), X^x > K, [X^x] [At] + [As]}, 

h2{t,s) := {x>0: A.t2 < i^(|t|3 + |s|3)^ > K, [X^x] '"i.^' [At] + [As]}, 

Ixz{t, s) := [x>0: X^x < K, [X^x] ' [At] + [As]} 

satisfy ULi -^Ai(t, s) = /Ao(t, s) := > : [A^x] '^'^'^ [At] + [As]}. Also split 

h4{t,s, z) = TT^^ / x~^e~^^ ~ dx ~''^h\i{t,s,z), 

where 

/iAo(i,s,z) x-ie-^- ^ (1 - 21(x S JAo(t, s)))dx, 







oo 



,2 , .2 



/iAz(t,s,z) := 27r-W aj-^e"^"'-'-^ l(x G /A»(t, s))dx, i = l,2,3. 

^0 

We shall prove below 

lim sup (l7Ai(t,s,z)-/iAi(i,s,2)l-Kl/iAo(i,s,^)l) = 0, Ve > 0, (7.35) 

\,K^oo e<|f| + |s|<l/e,e<z<l/e 
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and that for any sufficiently large K > Kq there exist c{K), C{K) < oo independent of t, s, z, A and such that for any 
(t, s) g Rq, < z < the following inequalities hold: 



jxiit,s,z) + \hxo{t,s,z)\ < C{K)hi{t,s,z), 



i = 2,3. 



(7.36) 
(7.37) 



Relations (|7.36p - (|7.37p imply statement ()6.5p of the lemma. Statement (|6.4p follows from 1 34 ([At], [As], 1 — p-) — 
^4(^1 s, z)\ < \h\o{t, s, z)\ + |7Ai(t, s, z) - hxi{t, s,z)\+ X]i=2(7>«(^' ^) + '*Ai(i, s, z)) and using (|7.35p and the bounds 

in (ESSD-dlSZD. 

Let us prove (|7.36p . Clearly, |/iao(^j ■Sj -z)! < 2/i4(<, s, z) by the definition of /i^o so that we need to estimate 7^1 only. 
Note (HH) and ((TTM)) imply 



sup 

x,t,s 



P[A^:r]([At], [As]) _ 



7r[A2x] 



We also need the bound 



e 1^' 



l{xelxi{t,s)) < 5' yK>Ko- 

A 



(7.38) 



sup 

x,t,s 



■e 1^' 



1 



e 



l(a; e /ai(^,s)) < 



C 



0- 



(7.39) 



which follows from ~ 1\ < Ci/K, \^ 

X, t, s, A, K. From (|7.38p and (|7.39p we obtain 



- '^'[Itif ' I < C2/A'2/3 for X e /Ai(i,s), with Ci,C2 independent of 



x(A,-ftr) := sup 



Using and (l - jj)^^"''^ < e^/^'^^^I^'^l/A" < Ce"^^, < z < A^ we obtain 



P[A^x]([At], [As]) ^ 

,0 , Q 



2 _£±h£ 

2 2^1 / \2 



l(x e /Ai(i,s)) < 



C 



0- 



(7.40) 



TrA^a 



^(l + x(A,i^))l(a-e/Ai(t,s))da; 



7Ai(i,s,z) < CA2 

< Chxiit,s,z) < Chi{t,s,z), K > Ka, 
proving (|7.36p . with C{K) independent of K > Kq. Similarly using (|7.40p we obtain 

|7Al(t, s, z) - /lAl(t, s, z)| < 



1 _ ^f'^\x'p[x^,^m, [As]) - l-e-'^jlix e hiit,s))da 



+ 2 



{(1 



A2^ 



ZX \ ^— 1 ^— 1 



X e 



l(a; e Ixi{t,s))dx 



< Cx{X,K)h4{t,s,z) + C 9x{z,x)x-^e 



where 9x{z, x) 



1- ^ 



dx 



e -> (A — > 00) for any z > 0,a; > fixed, and \6x{z,x)\ < Ce for any 



a;, z:,A > 0; see above. Therefore by the dominated convergence theorem, 9x{z,x)x~^c i dx — > as A — > cx) 
and the last convergence is uniform in e < |i| + |s| < 1/e, e < z < 1/e for any given e > 0. Together with (|7.40p 
this proves (|7.35p for the difference I7A1 — /iai|- Relation (|7.35p for \hxo\ follows by the mean value theorem, implying 



\x e 



y~^e ^'^ y° I < C{e)\x - y\x'^e' 



"(1 + x^^) ioT < X < y, < z < 1/e, |i| + |s| < 1/e. 



Therefore, sup,<|4|+|,|<i/,_,<^<i/J/iAo(i,s,z)| < C/A^ = o(l), where C ~ sup,<|t|+|,|<i/, a; ^e ' i° (1 + 

x^'^)dx < 00. 

It remains to prove (j7.37p . Note 7a2(^, ^) < 72 ([At], [As]), < z < A^, where 72(^,5) :— J2 Pk{t: s) 1{K < k < 
V^A:(|i|3 + |s|3)), t,seZ. Note K <k< y^lOWTW) implies 



(|t + s| + |t~sj]4 ^ (t + s)4 + {t- sy ^ 2(^4 + ^4) 



fc2 



if(|t|3 + |s|3) - if(|t|3 + |s|3) - 4K 
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Hence and using (j7.1ip wc obtain 



72(i,s) < p{k,t + s)p{k,t-s) 

K<k<y/K{\f\^ + \s\^) 

<4 exp{-^^^!^^} < C7(if)e-W(l*l^'^+I«l^'^), (7.41) 

K<k<^K{\t\^ + \sP) 

where constants C{K) > 0, c{K) > depend only on K < oo. This proves (|7.37p for 7^2- The last bound in ()7.4ip 
holds for 73 (t, s) := t + s)p(fc, i — s) < {K + l)l{\t + s\ < K,\t — s\ < ii'), too, dominating 7^3 (t, s, z) < 

73 ([Ai], [As]), < z < A^. The remaining bounds in (|7.37p follow easily. Lemma |6TT] is proved. 
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